COMBINATORICS OF THE SPRINGER CORRESPONDENCE FOR 
CLASSICAL LIE ALGEBRAS AND THEIR DUALS IN 
CHARACTERISTIC 2 



TING XUE 



Abstract. We give a combinatorial description of the Springer correspondence for classical 
Lie algebras of type B, C or D and their duals in characteristic 2. The combinatorics used 
here is of the same kind as those appearing in the description of (generalized) Springer 
correspondence for unipotent case of classical groups by Lusztig in odd characteristic and 
by Lusztig and Spaltentstein in characteristic 2. 

1. INTRODUCTION 

Let G be a connected reductive algebraic group over an algebraically closed field of char- 
acteristic p. Let g be the Lie algebra of G and g* the dual vector space of g. When p is 
large enough, Springer |T3] constructs a correspondence which associates to an irreducible 
character of the Weyl group of G a unique pair (x, <fi) with x G g nilpotent and <fi an irre- 
ducible character of the component group Aq(x) = Zq(x)/Zq(x). For arbitrary p, Lusztig 
[5] constructs the generalized Springer correspondence which is related to unipotent conju- 
gacy classes in G. Assume p = 2 and G is of type B,C or D, a Springer correspondence for 
g (resp. g*) is constructed in [H] (resp. [15]) using a similar construction as in [5j [7J. 

Assume G is classical. When p is large, Shoji [10] describes an algorithm to compute the 
Springer correspondence which does not provide a close formula. A combinatorial description 
of the generalized correspondence for G is given by Lusztig |5j for p ^ 2 and by Lusztig, 
Spaltenstein [H] for p = 2. Spaltenstein [TT] describes a part of the Springer correspondence 
for g under the assumption that the theory of Springer representation is valid for g when 
p = 2. We describe the Springer correspondence for g and g* using similar combinatorics 
that appears in [51 [9]. It is very nice that this combinatorics gives a unified description 
for (generalized) Springer correspondences of classical groups in all cases, namely, in G, g 
and g* in all characteristics. Moreover, it gives rise to close formulas for computing the 
correspondences. 

2. Recollections and outline 

2.1. Throughout this paper, k denotes an algebraically closed field of characteristic 2 unless 
otherwise stated, G denotes a connected algebraic group of type B, C or D over k, g the Lie 
algebra of G and g* the dual vector space of g. There is a natural coadjoint action of G on 
g*, g.£(x) = ^(Ad((7) _1 x) for g G G, £ G £)*, x G fl, where Ad is the adjoint action of G on g. 

2.2. For a finite group H, we denote H A the set of irreducible characters of H. 

Let W G be the Weyl group of G. Denote 2l g (resp. 2l g .) the set of all pairs (c,J-) with 
c a nilpotent C7-orbit in g (resp. g*) and T an irreducible C7-equivariant local system on 
c (up to isomorphism), which is the same as the set of all pairs (x, 0) (resp. (£,</>)) with 
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x G g (resp. £ G 0*) nilpotent (up to G-action) and G Ag(x) a (resp. G A G (£) A )> where 
A G {x) = Z G (x)/Z° G (x) and A G (0 = Z G (0/Z° G (0, Z G {x) = {g G G|Ad(<?)x = x},Z G (0 = 
{geG\g.C = 0- 

2.3. A Springer correspondence for g (resp. g*) is constructed in [Hj (resp. [T5]) assuming 
G is adjoint (resp. simply connected). The correspondence is a bijective map from 2l 
(resp. 2l *) to W G . This induces a Springer correspondence for any g (resp. g*) as in 12.11 
(char(k) =2). In fact, there are natural bijections between the sets of nilpotent orbits in 
two Lie algebras (resp. duals of the Lie algebras) of groups in the same isogeny class, and 
moreover, corresponding component groups are isomorphic. Hence the sets 2l g (resp. 2l ») 
are naturally identified in each isogeny class. 

2.4. For a Borel subgroup B of G, we write B = TU a Levi decomposition of B and denote 
b, t and n the Lie algebra of B,T and U respectively. Define n* = {£ G 0*|£(b) = 0} and 
b* = e g*|£(n) = 0}. 

For a parabolic subgroup P of G, we denote Up the unipotent radical of P, p and rip 
the Lie algebra of P and Up respectively. For a Levi subgroup L of P, denote 1 the Lie 
algebra of L. Define p* = {£ G g*|«£(n P ) = 0}, tip = {£ G g*|£(l © n P ) = 0} and I* = {£ G 
g*|£(n P © tip) = 0} where g = [ © n P © tip. We have p* = I* © tip. Let ir r : p* -> [* be the 
natural projection. 

2.5. Let P be a parabolic subgroup of G with a Levi decomposition P = LUp, where 
rank(L) = rank(G) — 1. We identify L with P/Up and I with p/n p . Let x G g and x' G I be 
nilpotent elements. Consider the variety 

Y x , x > = {ge G\Ad(g- l )(x) ex' + n P }. 

The group Z G (x) x Z L (x')U P acts on Y^/ by (g ,gi).g = g^gg^ 1 . 

Letd xx > = (dimZ G (x)+dimZL(x'))/2+dimxip. We have dim Y x x > < d xx > (see Proposition 
O(ii)).' 

Let S x>x t be the set of all irreducible components of Y XyX i of dimension d XyX i. Then the 
group A G (x) x Al(x') acts on S XiX i. Denote e X)X i the corresponding representation. We prove 
in section [3] the following restriction formula 

(R) (0 © 0', s x , x ,) = (Res^p^, p L x ,^,)w L , 

where G A G (x) A ,0' G 74 L (x') A and p^ G W G , p£, G W£ correspond to the pairs 
(x, 0) G 2l , (a;', 0') G 2t[ respectively under the Springer correspondence. 

It suffices to consider the case where G is adjoint (see 12. 3j) . The proof is essentially the 
same as that of the restriction formula in unipotent case [5]. 

2.6. We preserve the notations from 12.51 Let £ G g* and £' G 1* be nilpotent elements. We 
define Y^g, S^r, e^> as Y x>x >, S X)X >, e X)X i replacing x,x',p,n p by £,£',p*,np respectively and 
adjoint G-action on g by coadjoint G-action on g*. We identify [* with p*/np. We have the 
following restriction formula 

(R') (0 © 0', e u ,) = (Res^p^, p^>w £ , 

where G A G (£) A , 0' G A L (£') A and pf^ G W G , p|, ^ G W£ correspond to the pairs (£, 0) G 
2tg*)(C / )0O e 21 [* respectively under the Springer correspondence. The proof of (R') is 
entirely similar to that of (R) and is omitted. 
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2.7. Let V be a vector space of dimension 2n over k equipped with a non-degenerate 
symplectic form (3 : V x V — > k. The symplectic group is defined as Sp(2n) = Sp(V) = {g G 
GL(V^) | f3(gv,gw) = f3(v,w),V v,w G V} and its Lie algebra is sp(2n) = sp(V) = {x G 

| w) + (3(v, xw) = 0,Vt),iu6 V}. 
Recall (see [15] ) that for a nilpotent element £ G sp(2n)*, we associate a well-defined 
quadratic form : V — > k, a^(u) = (3(v,Xv) and a nilpotent endomorphism Tg : V — > V, 
/3(T^(t>), u>) = /3g(t> , where X G End(V) is such that £(— ) = tr(X— ) and is the bilinear 
form associated to The function : N —>■ N is defined as x^{ m ) = minjfc > 0\T™v = 
at(Tgv) = 0}. 

2.8. Let V be a vector space of dimension N over k equipped with a non-degenerate qua- 
dratic form a : V —>■ k. Let /3 : V x 1/ — > k be the bilinear form associated to a. The 
orthogonal group is defined as 0(N) = 0(V) = {g G GL(V) \ ct(gv) = a(v),W v £ V} and 
its Lie algebra is o(N) = o(V) = {x G Ql(V) \ (3(xv,v) = 0,V v G V and tr(x) = 0}. When 
N is even, we define SO(N) to be the identity component of O(N). 

Recall (see [12]) that for a nilpotent element £ G o(2n + 1)*, we associate a well-defined 
bilinear form (3% : V x V —* k, ^(v,w) = (3(Xv,w) + f3{v,Xw) where X G End(y) is such 
that £(— ) = tr(X— ). Let i — 0, . . . , m be the uniquely determined (up to multiple) set 
of vectors by £ (see [151 3.2]). 

Assume m > 1. Let itj, i = 0, . . . , m — 1 be a set of vectors as in [151 Lemma 3.6], V2 m +i the 
vector space spanned by Ui, i = 0, . . . , m — 1, Vi, i = 0, . . . , m, and W = {v G V|/3(u, V2 m +i) = 
Pt(v, V 2m +x) = 0}. Then V = V 2m+l © Define T ? : W -> W by /3(T c (u;), w') = /? € (u;,u;') 
and a function xiv : N — >■ N by = min{£; > 0|T|v = => a(T^v) = 0}. Note that the 

set {iii} and W depends on the choice of uq and is uniquely determined by uq. Suppose we 
take Uq = Uq + w , where w G W and ac(w ) = 0, then iti = u^ + T^w defines another set 

of vectors as in [121 Lemma 3.6]. Let VWrt+i, W, be defined as V2 m +i, W, Tg replacing Ui 
by Then V = V 2m+1 © W and = {E™o T |™o)^ + € W 7 }. On W, we have 

^KE^o T l w o)vi + w) = J2T=o ^ +1 ^o)^i + T^w. 

From now on, we always assume the decomposition V = V2 m +i © W is a norm form of 
£, namely, if = W x ( Al )(Ai) © ■ ■ • © W / x ( As )(A s ) with Ai > • • • > X s (notation as in [T3]) , 
then m > Ai — x(Ai)- Note if Vi m +\ and W are obtained from V2 m +i and as above, then 
V = V2m+i © W is also a normal form, in particular, W = W / x (a 1 )(Ai) © • • • © W x (\ s )(\ s ). 

2.9. For n > 1, let W n be a Weyl group of type _B„, (or C n ). The set is parametrized by 
ordered pairs of partitions (/i, v) with /^i+E = n - We use the convention that the trivial 
representation corresponds to (/i, v) with \i = (n) and the sign representation corresponds 
to ([A, v) with v = (l n ). Moreover, \i = (jii > > • • - > 0), v — (i>i > v 2 > • ■ • > 0). 

For n > 2, let C W n be a Weyl group of type D n . Let W[, = W[ = {1}. Let W£' 
be the quotient of (W^) A by the natural action of W n /W^. The parametrization of W n by 
ordered pairs of partitions induces a parametrization of W A/ by unordered pairs of partitions 
{n,v}. Moreover, {//, u} corresponds to one (resp. two) element(s) of (W^) A if and only if 
(resp. fj, — v). We say that {/x, u} and the corresponding elements of W A ' and (W^) A 
are non-degenerate (resp. degenerate). 
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2.10. Assume G = Sp(2n) or G = 0(2n + 1). The Springer correspondence for g (resp. g*) 
is a bijective map 

7 :2l ^W£ (resp. 7' : %* - W£). 
Assume G = SO(2n). The Springer correspondence for (or 0*) is a bijective map 

(2.1) 7 : a, 5* g^.- (w;) A . 

Let G = 0(2n). The group G/G acts on 2t g and on the set of all nilpotent G-orbits in g. 
An element in 2l or a nilpotent orbit in g is called non-degenerate (resp. degenerate) if it 
is fixed (resp. not fixed) by this action. Then (x, <ft) G 2t is degenerate if and only if x is 
degenerate, in this case Aq{x) = 1 and thus = 1. Let 2t g be the quotient of 2l g by G/G. 
Then (12. ip induces a bijection 

(2.2) 7 : St, - W£'. 

2.11. Assume G = SO(V). Let G = 0(V). Note that G ^ G if and only if dim(V) is even. 
Let S C V be a line such that a|s = 0. Let P be the stabilizer of S in G and P the identity 
component of P. Then P is a parabolic subgroup of G. Let L be a Levi subgroup of P and 
L = Np(L). Let C/p, p, rip be as in 12.41 Then P = LU P and L = L°. Fix a Borel subgroup 
B C P and let B = N d (B). Denote B = {gBg-^g G G}, P = {gPg' x \g G G}. 

^ Let x G g be nilpotent. Define = {gBg~ l G S|Ad(5f _1 )(x) G b} and P £ = {gPg^ 1 G 
P a; |Ad(5' _1 )(x) G p}. The natural morphism £> x : B x — > gBg^ 1 — > gPg^ 1 is ^(x) 
equivariant. We have a well defined map 

f x : P x . -> CM(p/n P ), gPg~ l i-> orbit of Ai^" 1 ^ + n P , 

where CN{p/Up) is the set of nilpotent P/Pp-orbits in p/np. Let c' G f x (V x ) be a nilpotent 
orbit. Define Y = /~V) and x = Bx\ Y )- 

We can assume P G Y. We identify L with P/Up, 1 with p/np. Let x' be the image 
of x in [ and A'(x') = A L {x') = Z L (x')/Z° L (x'),H = Z 6 {x) n P = Z p (x), AT = Z?(x) n P. 
The natural morphisms P — > Zq(x), H — > Z^ix 1 ) and A — > Zi(x') induce morphisms 
P — > Aq(x), P — > t4^(x') and A — > A^(x'). Let v4p be the image of H in Aq{x) and A p be 
the image of A in Ai(x'). Then we have a natural morphism Ap —>■ A'(x')/A' P . 

If G = G, then we omit the tildes from the notations, for example, Ap = Ap and etc. 

2.12. We preserve the notations in 12.111 Let Y XjX i and S XjX r be defined as in 12.51 replacing 
G by G and L by L. Note that S XjX i 7^ if and only if dimX = dim£> x , where X is defined 
as in 12.111 with c' the orbit of x' . If S x x i 7^ 0, then Y xx i is a single orbit under the action 
of Zq{x) x Zi(x')Up (see Proposition 14. 3p . It follows that S x>x > is a single Aq(x) x Ai(x')- 
orbit. Hence S X)X i = Aq(x) x Ai(x') / 'H XtX < for some subgroup H XjX > C Aq(x) x Ai(x'). The 
subgroup B\ x x i is described as follows. 

If A, B are groups, a subgroup G of A x P is characterized by the triple (A , P , h) where 
A = pr^G), B = B n G and h : A -> N B (B )/B is defined by a ^ 6P if (0,6) G G. 
Then P^' is characterized by the triple (Ap,A' P ,h), where h is the natural morphism 
A P -> A D {af)lA P described in EH 
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Assume G = S0(2n). The subset S x>x i of S x<x > is the image in S XjX i of the subgroups of 
Aq(x) x Ai(x') consisting of the elements that can be written as a product of even number 
of generators. This is also the image of Aq(x) x Al(x'). 

2.13. Assume G = Sp(V) or 0(V) with dimV^ odd. The definitions in 12.111 apply to g* (if 
G = Sp(V), there are no conditions on the line S). Let g^, /t, A P , A' p etc. be defined in this 
way. Then Y^t, S^> are described in the same way as Y XjX r, S x ^ x i in 12.121 

2.14. The correspondence for symplectic Lie algebras is determined by Spaltenstein [11] 
since in this case the centralizer of a nilpotent element is connected and 2l = {(c, 1)}. 
We rewrite his results in section [8] using different combinatorics and describe the Springer 
correspondence for orthogonal Lie algebras in section [9j The proof will essentially be as in 
[5], which is based on the restriction formula (R) and the following observation of Shoji: if 
n > 3, an irreducible character of W n (resp. a nondegenerate irreducible character of W^J 
is completely determined by its restriction to W n _x (resp. 'W' n _ 1 ). We need to study the 
representations e X)X >, which require a description of the groups Ap and A' p . Using a similar 
method as in [12], we describe these groups for orthogonal Lie algebras, duals of symplectic 
Lie algebras and duals of odd orthogonal Lie algebras in section flllol and M respectively. 

2.15. The Springer correspondence for the duals of symplectic Lie algebras and orthogonal 
Lie algebras is described in section [TUl The proofs are very similar to the Lie algebra case. 
We omit many details. 

3. Restriction formula 

Assume G is adjoint. Fix a Borel subgroup B of G and a maximal torus T C B. Let B 
be the variety of Borel subgroups of G. A proof of the restriction formula in unipotent case 
is given in [5]. The proof for nilpotent case is essentially the same. For completeness, we 
include the proof here. 

3.1. We prove first a dimension formula. Let V be a G-conjugacy class of parabolic sub- 
groups of G. For P E V, let P = P/Up, p = p/rip and tt p : p — > p be the natural projection. 
We assume given a G-orbit c in q and given for each P e V, a P-orbit cp C p with the 
following property: for any P\,P2 G V and any g G G such that P2 = gPig^ 1 , we have 
^(Cfe) = M^Xv^CpJ)- Let 

Z' = {{X, P U P 2 ) G X V X V\X G TT-^CpJ n TT-^Cft,)}. 

We have a partition Z' = UoZ' , according to the G-orbits O on V x V; where Z' = 

{{x,P 1 ,P 2 )eZ'\(P 1 ,P 2 )eO}. 

We denote vq the number of positive roots in G and set v = vp {P G V). Let c = dime 
and c = dimcp for P eV. 

Propsition. (i) Given P E V and x E Cp, we have dim(c H ^^{x)) < |(c — c). 

(ii) Given x E c, we have dim{P G V\x E 7T p _1 (cp)} < {y G — |) — (p — |). 

(iii) If do = 2vq — 2u + c, then dimZ' < do for all O. Hence dimZ' < d . 
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Proof. We prove the proposition by induction on the dimension of the group. Assume V = 
{G}, the proposition is clear. Thus we can assume that V is a class of proper parabolic 
subgroups of G and that the proposition holds when G is replaced by a group of strictly 
smaller dimension. 

Consider the map Z' — > O, (x, Pi, P 2 ) l— ► (Pi, -^2)- We see that proving (iii) for Z' a is the 
same as proving that for a fixed (P', P") G O, we have 

(3.1) dim Ti^ 1 (cp/) n Tt pl }(c r ) < 2v G - 2u + c- dimO. 

Choose Levi subgroups V of P' and L" of P" such that L' and L" contain a common 
maximal torus. Thus P' fl L" is a parabolic subgroup of L" with unipotent radical Upi D L" 
and Levi subgroup L' fl L"; P" fl P is a parabolic subgroup of L' with unipotent radical 
C/p» n V and Levi subgroup P n L" . We have Lie(L' n L") = [' n [", Lie(P P / n L") = n P > n 1" 
and Lie(Up" fl L') = rip// fl An element in p' fl p" can be written both in the form x' + n! 
[x! G l',n' G rip/) and in the form x" + n" (2" G (", n" G tip'/). It is easy to see that there 
are unique elements z G f fl [", u" G I' fl tlp», it' G [" fl rip/, such that x' = z + w", x" = 2 + w'. 
Hence (13.11) is equivalent to 

(3.2) dim{(n', n", u", u', z) G n P / x n P // x (C n n P ») x ([" n n P /) x (C n t")| u" + n' = u' + n", 
z + u" G Cpi , z + u' G Cp// } < 2z/c — 2i? + c — dim O. 

(We identify f = p', [" = p", and thus regard cp/ C l',Cp>> C [".) When (u",u') G ([' n n P «) x 
([" fl n P ) is fixed, the variety {(n',n") G n P x np"\u" + n' = u' + n"} is isomorphic to 
n P fl n P ». Since dim(n P fl n P ») = 2uq — 2u — dimO, we see that (13.21) is equivalent to 

(3.3) dim{(u",u',z) G (f n n P ») x ([" nn P ) x (['n[")| ^ + u" G Cp/,2 + M' G Cj3„} < c. 

Note the projection pr 3 of the variety in (13.31) on the z-coordinate is a union of finitely 
many orbits 61 U 62 U ■ ■ • U c m in [' fl [". (By the finiteness of the number of nilpotent orbits, 
it is enough to show that the semisimple part z s of z can take only finitely many values up 
to V PI L"-conjugacy; but z s is conjugate to one of the elements in the finite set obtained 
by intersecting the set of semisimple parts of elements in Cp/ C t' with the Lie algebra of a 
fixed maximal torus in V fl L".) The inverse image under pr 3 of a point z G 6j is a product 
of two varieties of the type considered in (i) for a smaller group (G replaced by L' or L"), 
thus by the induction hypothesis it has dimension < \{c — dimfij) + |(c — dimfij). Hence 
dimpr 3 " 1 (cj) < c, V 1 < i < m. Then (13.31) holds. This proves (iii). 

We show that (ii) is a consequence of (iii). Let Z'(c) be the subset of Z' defined by 
Z'(c) = {(x, P\, P2) G Z'\x G c}. If Z'{c) is empty then the variety in (ii) is empty and (ii) 
follows. Hence we may assume that Z'(c) is non-empty. From (iii), we have dimZ'(c) < do- 
Consider the map Z'(c) — > c, (x, P\,P2) 1— > x. Each fiber of this map is a product of 
two copies of the variety in (ii). It follows that the variety in (ii) has dimension equal to 
|(dimZ'(c) — dime) < |(cfo — c) = vq — v + | — | . Then (ii) follows. 

We show that (i) is a consequence of (ii). Consider the variety {(x, P) G c x V\x G 
7T p _1 (cp)}. By projecting it to the x-coordinate and using (ii), we see that it has dimension 
< v g ~ v + f + f • If we project it to the P-coordinate, each fiber will be isomorphic to the 
variety c n ^(cp), (P G V fixed). Hence dim(c n vr'^Cp)) <z/ G -z/+| + f- dimP = 2±£. 
Now c n 7T p _1 (cp) maps onto cp (via 7r p ) and each fiber is the variety in (i). Hence the variety 
in (i) has dimension < ^ — c = The proposition is proved. □ 
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3.2. Let P D B be a parabolic subgroup of G with Levi subgroup L such that T C L. Let 
Wi = Nl(T)/T. Then Qj[Wl] is in a natural way a subalgebra of Q;[Wg]. 
Recall that we have the map (see [H]) 

7T : Y = {(x,gT) G F x G /T\kd(g~ l ){x) G t } -> F, (a^T) ^ x, 

where V, to is the set of regular semisimple elements in g, t respectively. Let 

Y L = |J Ad(s)to, Fx = {(x,<?L) G g x G/L|Ad(^- 1 )(a;) G F L }. 

Then n factors as Y —* Y\ Y, where n' is (x, gT) \— > (x, gL) and it" is (x, gL) i— > x. The 
map 7r' : F — > F is a principal bundle with group W^. It follows that End(7r[Q Z y) = Qj[Wl] 
and that we have a canonical decomposition 

(3-4) AQiy)= (^® WQifV)- 

Recall that we have 



where (vriQ Z y) p = Hom ( Q i [ WG ](p, 7riQ ; y) is an irreducible local system on F. We have 

7nQ z? = 7r?(7rfQ^) = (p' ® <(KQi?V)) 

hence 

Tf(WQiyV) = HomQj^^TriQ^) = HomQ i[Wi] (p', (p ® (mQ^) p )) . 
We see that for any p' G W£, 

(3.5) <((^Q,yV) = ((7r ! Q i? ) p ®HomQ i[Wi] (p',p)). 

3.3. Recall that we have the map (see [T3] ) 

<p : X = G g x G/SlAd^" 1 )^) G b} -> Q, (x,gB) h-> x. 

Let Xi = {(x,#P) G x GyP|Ad(# _1 )(x) G p}. Then tp factors as X X 1 g where <p' 
is (x,gB) i— >■ (x,gP) and </?" is (x,gP) i— > x. The maps <p', are proper and surjective. We 
have a commutative diagram 



JO 



31 



J2 



A > Ai > 

where ji is x i— > x, jo is { x -,gT) (x,gB) (an isomorphism of F with the open subset 
p~ l {Y) of X) and ji is (x,gL) *—>■ (x,gP) (an isomorphism onto the open subset <p" -1 (F) of 
Xi). Note also that Y\ is smooth (since F is smooth). We identify F, F x with open subsets 
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of X,X± via the maps jo, ji respectively. We have a commutative diagram with cartesian 
squares 



L 



Xx Gxnpxl [ 

where 

X L = {(x, g{B n L)) G I x L/(P n L)|Ad(^- 1 )(a;) Gbnl}, 

X" = {{g x ,x,pB) GGxpx F/BIAdCp- 1 )^) G b}, 

Pi is (gi,x,pB) i — ► (Ad((?i)(x), gipB), a principal P-bundle, 

P2 is (pi, / + n, g'B) \— > (I, g'{B H L)) with Z G t, n G rip, g' G L, a principal G x rip-bundle, 
p 3 is (gi,n,l) i — ► (Ad(pi)(Z + n),giP), a principal P-bundle, 
p 4 is (gi,n,l) i — ► /, a principal G x rip-bundle, 
<p L is (x,g(B n L)) i-> x, 

is / + n, p'-B) i— > (pi, n, /), with Z G I, n G rip, G L. 

Since P3,P4 are principal bundles with connected groups, we have p^IC(Xi, 7r(Q^) = 
pIIC^ithQ^j) (both can be identified with IC(G x rip x I^tt^Q^)). Here tt l is F L = 
{(x,pT) G I x VnAdQr 1 )^) G t } - Y L , (x,gL) h-> x. 

From the commutative diagram above it follows that p^iQzx — &P1Q1X = 0'P2Qix L = 
Pl<pMx L =p%ic{\ , ^LiQ/y ) (the last equality comes from [14[ Proposition 6.6] for L instead 
of G), hence p^ftQix = PlIC(X 1 , 7r(Q^). Since p 3 is a principal P-bundle we see that 

m ix = IC(X 1 ,n[Q l y). 

It follows that End(<p|Q«) = Q«[W £ ] and cp\Q lx = © p , eW A(p' ® (^Q^)p') where 

(3.6) (<PrQ«V = JC W, (^y)p')- 
Next we show that 

(3.7) v'iMQix) P >) = IC(Y, ^((TrfQjy)^)), for any p' G W£. 

From (13. 6p we see that the restriction of <p'\ ((<p\Qix) P ') to Y is the local system n" '(7rf(Q,^) p ') . 
Since ip" is proper, (13. 7p is a consequence of (13. 6p and the following assertion: 

(3.8) For any i > 0, we have dimsupp7-f ((^'((^(Q^xV)) < dimF — i. 

We have suppW^ftMQixV)) C suppft^'^Q^)) = suppW^iQjx), thus flU fol- 
lows from the proof of [HJ Proposition 6.6]. Hence (13.71) is verified. Combining (13.71) with 
(13. 5p . we see that for any p' G W£, we have 

(3.9) <pf((<pfcV) = ((<PiQix) P ® HomQ i[W£] (p',p)). 



(Recall that we have (piQix = peW * (P ® (^.Qix)^ and (<piQ«x)p = ^C(Y, (md 



3.4. Let (c, J 7 ) G 2l correspond to p G Wg and (c', J 7 ') G 2l[ correspond to // G W£ under 
Springer correspondence. Let Xf = {(x,gP) G Xi\x nilpotent}, 

R = {(x, gP) G x {G / P)\kd{g~ 1 ){x) G d + n P } C X?. 

We show that 

(3.10) supp^iQzxVnX^ CR. 

Let (x,gP) G supp(^Q i x)p' H Xjf\ The isomorphism p^iQw = pI<Pl\Qix l is compatible 
with the action of W L . Thus pt{<PiQix)p> = Pt{<PuQix L ) P ' and 

pJ^SUpp (<P\Qlx)p>) =Pr 1 (supp(v?L!QiX L )p')- 

Hence there exists (gi,n,l) G G x rip x [ such that (x,gP) = (Ad(#i)(n + l),giP) and 
/ G supp((/?iiQ;x L )p'- Since x is nilpotent, n + / is nilpotent and thus I is nilpotent. Hence 
I G c' since by [TJJ Proposition 6.6] (for L instead of G), 

(3.11) {.Vl\Q.ix l )p'\m l is PG(c' , J r ')[dimc' — 2v L ]{ extend by zero outside c'), 

where Ml is the nilpotent variety of [. We have g = g±p for some p G P and x = Ad(gi)(n+l), 
hence Ad^" 1 )^) = Ad(p~ 1 )(n + I) G c' + n P and (x,gP) G -R. This proves (l3~T0l . 

We have a partition R = Ug'-Re'i where 5' runs over the nilpotent L-orbits in c' and 
Rz> = {(x,gP) G x (G/P)|Ad(5f _1 )(x) G c' + n P }. Then i?' = R d is open in i?. It is clear 
that 1 (R) = pl x {c') = G x rip x c' and pj 1 ^/) = pj 1 (c') = G x rip x c'. 

Let T 1 be the local system on R' whose inverse image under p 3 : G x rip x c' — >■ R' equals 
the inverse image of J 7 ' under p 4 : G x rip x c' — ► c'. Since P3,P4 are principal bundles with 
connected group it follows that the inverse image of IC(R, J 7 ') under p 3 : G x rip x c' — > R 
equals the inverse image of IC(c', J 7 ') under p 4 : G x rip x c' — > c'. It follows that 

(3.12) (v^QzxV U5" = IC(R, jF')[dimc' — 2z/ L ]( extend by zero outside R). 

(Using P3 this is reduced to ( 13. lip .) 

For any subvariety 5* of X 1; we denote sf" '■ S — > F the restriction of y?" : Xj — > F to 5. 

Propsition. Lei d = v G — |dimc, d' = |(dimc — dime') and d" = vq — — d! . The 

following five numbers coincide: 

(i) dim Hom® l[WL] (p',p); 

(ii) the multiplicity of J 7 in the local system C\ = TC 2d (<p"(<P\Qix)p>)\cj 

(iii) the multiplicity of T in the local system C 2 = T~L 2d {r ( p'\IC{R : T'))\ c ; 

(iv) the multiplicity of T in the local system 

£3 = H 2d "( Rl tflC(R,P))\ c = H 2d "( R ^P)\ c ; 

(v) the multiplicity of T' in the local system 7i 2d /[(J 7 ) on c' , where f : 7r p 1 (c') D c — > c' 
is the restriction of7r p : p — ► I. 

Proof. For p G Wg, the multiplicity of T in TC 2d ((<f\Qix)p)\ c is 1 if p — p and is if p 7^ p. 
Hence it follows from (I3.9P that the numbers in (i) (ii) are equal. 

We show that C x = C 2 - By ( l3~T2l) . we have C 2 = H 2d { R (p''{{(p' ] Qix)p'\R))\c- It suffices 
to show that (x l - R ) i Pi((<f\Qix)p'\x 1 -R)\c = 0. Assume this is not true. Then there exists 
(x,gP) G X\ — R such that x G c and (x,gP) G supp (<f\Qix)p'- Since x is nilpotent, this 
contradicts ( 13. 10D . 
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We show that £2 = £3. For any x G c we consider the natural exact sequence 

Hl d - x {ip"-\x) n (R - JO, WQixV) - ^V -1 ^) n R', (mix)?) 
-> JJ'V'- 1 ^) n J?, (tfQurV) - h^V" 1 ^) n (J? - J?'), (^x)pO 

It is enough to show that H 2d ((p"~ 1 (x) PI (P — R'), ((p[Qix) P >) = and that a = 0. By fl3~T2|) . 
we can replace (y?(Ck\:VU" by JC( J?, JF') [dim c' — 2z^]. It is enough to show 

(3.13) Hf (<f/'-\x) n (P- R'),IC(R,P)) = 0, 

(3.14) H 2 c d "-\ V "-\x) n(R — R'),IC(R,P)) A Jjf'V'" 1 ^) n R',IC(R,P)) is zero. 
From Proposition 13.11 we see that for any L-orbit c' in c', 

(3.15) dim(^" _1 (a;) n J? £ ') < (f G - ^dimc) - (u L - - dime'). 
If (13.131) is not true, then using the partition 

(3.16) n(R-R')= [j W~\x) n Rff), 

c'/c' 

we see that H 2d " ((p 1 ^ 1 (x) fl Pc', IC(R, P)) 7^ for some c' 7^ c'. Hence there exist i,j such 
that 2d" = i+j and Hi(^"- l (x)nR~ c i ,W \IC(R, P))) ^ 0. It follows that i < 2 dim((^"- 1 (x)n 
Pc') < 2z/ G -dimc-2z/ L +dimc 7 (we use The local system W(IC(R, P)) ^ so that 

J?c' C supp Tl^(IC(R, J 7 ')) and dimP £ ' < dim J? — j. It follows that j < dim J? — dim J? £ ' = 
dime' — dime' and i + j < 2d" in contradiction to % + j = 2d". This proves (13. 13ft . 

To prove (13.141) . we can assume that k is an algebraic closure of a finite field F q , that G 
has a fixed F^-structure with Frobenius map F : G — > G, that P, 5, L, T (hence Xi, ip") are 
defined over F 9 , that any 5' as above is defined over F q , that F(x) = x and that we have 
an isomorphism F*T' — > JF' which makes .F' into a local system of pure weight 0. Then 
we have natural (Frobenius) endomorphisms of H 2d _1 (y/' -1 (a;) Pi (P — R'), IC(R, J 7 ')) and 
Hf'(ip"- l (x) n R',IC(R,P)) = Hf{ V "~ l {x) n P',-F') compatible with a. To show that 
a = 0, it is enough to show that 

(3.17) H 2 c d " ( V "-\x) n J?', JC(P, /")) is pure of weight 2d"; 

(3.18) JJ^" _1 (^" -1 (x) n (R - R'), IC(R, P)) is mixed of weight < 2d" - 1. 

Now fl3TTj) is clear since dim^'-^ar) n P') < d" fsee fl3TT5|) l We prove fl3TT8|) . Using the 
partition (13.161) . we see that it is enough to prove that H 2d ~ 1 (ip"~ 1 (x) fl P^ , IC(R, P)) is 
mixed of weight < 2d" — 1 for any c' 7^ c'. 

Using the hypercohomology spectral sequence we see that it is enough to prove if i, j are 
such that 2d" -I = i+j, then H t c ((p"- 1 (x)nR & ,W{IC(R,P'))) is mixed of weight < 2d" -I 
for any c'. By Gabber's theorem [BBD, 5.3.2], the local system "H? (IC(R, P)) is mixed of 
weight < j. Then by Deligne's theorem [BBD, 5.1.14(i)], H l c (<p"- l (x) n R & ,W(IC(R,P))) 
is mixed of weight < i + j = 2d" — 1. This proves (13.181) . We have shown that £2 = £3- 

Now consider the diagram V V -A c, where V = y" _1 (c) fl J?' = {(x,gP) G c x 
(G ! /P)|Ad(^- 1 )(a:) G c'+n P }, V = P\(c'xG) with P acting by p : i-> (Ad(vr(p))(x), ot" 1 ), 
7r : P — > L the natural projection, f 2 (x,gP) = P-orbit of (n p (Ad(g^ 1 )(x)), g), fi(x,gP) = x. 
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The G-actions on V by g' : (x,g) i— ► (x,g'g), on V by g' : (x,gP) i— > (Ad(g')(x), g'gP) and 
on c by : i (-> Ad(g')(x), are compatible with /i, f% and are transitive on V and c. 

Note all fibers of f\ have dimension < d" and all fibers of f 2 have dimension < d'. We set 
A" = cf' + dimc = d' + dimV. Applying [7J 8.4(a)] with E\ = T and with £ 2 the local system 
on V whose inverse image under the natural map c' x G — > V is T' Kl Qj, we see that the 
numbers (iv) and (v) are equal. This completes the proof of the proposition. □ 

3.5. Now we are ready to prove the restriction formula (R). Let the notation be as in 12.51 
Let c be the G-orbit of x and c' be the L-orbit of x' . Let r : G/Zq{x) — > G/Zg{x) ~ c be a 
covering of c with group Aa(x). We have the following commutative diagram 

Y X)X > > Y x y / Zq(x) 

b i 

(x' + n P )nc <— ^ — r _1 ((a;' + rip) n c), 

where a is the natural projection and b is given by g ^ Ad(g^ 1 )(x). Then a induces an Aq(x)- 
equivariant bijection between S XiX > and the set of irreducible components of r _1 ((x / + np) flc) 
of dimension dl = -(dime — dime') (note that dim(x' + rip) fl c < dl by Proposition 13. 11 (i)). 

Assume T corresponds to G Ag(x) a and T' corresponds to 0' G Al(x') a . We have 
T~ Hom^^nQi) and thus Hf ((x'+n P )nc,F) (# 6 2d '((x'+rip)nc, nQt)®^)^ = 
(Hl d '{r- l ({x' + tip) D c), Qi) ® a ) Ag( - x \ Then the number (v) in Proposition 13.41 is equal to 

((P',H 2 c d \r\x'),^)) AL{x/) = ((f>',Hf((x' + n P )nc,f)), lM = (4>®fi,e XiX ,) AG{x)xALix ,y 

Hence the restriction formula (R) follows from Proposition 13.41 ((i) = (v)). 

4. Orthogonal Lie algebras 
In this section we assume G = SO(N). Let G = O(N). 

4.1. Let x G Q be nilpotent. The (5-orbit c of x is characterized by the following data (|2J): 
(dl) The sizes of the Jordan blocks of x give rise to a partition A of 2n, < Ai < A2 < 
•••<A S . 

(d2) For each Aj, i — 1, . . . , s, there is an integer x(K) satisfy y < x{K) < \- Moreover, 

x(K) > x(Vi) f \ - X(k) > K-i ~ x(K-i), i = 2, ■ ■ ■ , s. 

Let m(Xi) be the multiplicity of Aj in the partition A. If A" is even, then m(Aj) is even for 
each Aj > 0. If AT is odd, the the set {Aj > 0|m(Aj) is odd} is {a, a — 1} for some integer 
a > 1. 

We write x (or c) = (A, %) = (A a ) x (A s ) • • • (Ai) x (Ai)- The component groups A(x) = 
Zq(x)/Zq(x) and A(x) = Zq{x) / 'Zq(x) can be described as follows (see [H]). Let dj cor- 
respond to Aj, i — 1, . . . , s. Then A(a;) is isomorphic to the abelian group generated by 
{aj, 1 < i < s|x(Aj) 7^ Aj/2} with relations 

(rl) a\ = 1, 

(r2) Oj = a l+1 if x(Aj) + x(A i+ i) > A i+ i, 
(r3) aj = 1 if m(Aj) is odd. 

If A" is even, A(x) is the subgroup of A(x) consisting of those elements that can be written 
product of even number of generators. 
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4.2. Let c' = (X',x f ) e f x (V x ), Y = f~\d) and X = ^( Y ) (see EH]). Spaltenstein [TQ 
has described the necessary and sufficient conditions for dim X = dim B x as follows. 

Propsition ([H]). We have dimX = dimf^ if and only if(X',x') satisfy (a) or (b): 

(a) Assume that Aj ^ X i+1 ^ X i+2 and x{\+2) = \+2- Xj = Xj, j ^ i + 2,i + 1, X' i+2 = 
X l+2 - 1, X' l+l = X i+1 - 1, x'Wj) = x(Ai) if j > i + 2, x'iX'j) = X'j ifj<i + 2. 

In this case, dim Y = s — % — 2. 

(b) Assume that X i+1 = X { > A;_i. A^- = Xj, j ^i + l,i, A- +1 = A i+ i-l,A- = Aj-1, x'(^'j) = 
x(Aj-), + l and X '(K) = x'(K+i) e {x(K),x(^i) ~ 1} satisfies X'J2 < X W < K, 
x(Ai-i) < x\K) < + Ai - A*-! - 1. 

In t/ws case, dimY = s — i ifx'(K) = x(^i) ana " dimY = s — i — 1 if x' (X'j) = x(Aj) — 1- 

4.3. From now on let c' be as in Proposition 14.21 Let Ap and A' P be defined as in 12.111 

Propsition. The group Zq(x) acts transitively on Y. The group Ap is the subgroup of A(x) 
generated by the elements at which appear both in the generators of A(x) and of A'(x'). The 
group A' P is the smallest subgroup of A'(x') such that the map Ap —>■ A'(x')/A' P given by 
ai i — > o!^ is a morphism. 

Corollary. Y has two irreducible components (and \A(x)/A P \ =2) if c' is as in Proposition 
73 (b) with X {XA = *±i, X l+2 - X (A l+2 ) > ^±1 and = x (X t ) - 1. 



In this case, suppose D = {1,0.;} = {l,a i+1 } C A(x), then A(x) = D x A P . In the other 
cases, Y is irreducible and Ap = A(x). 

Corollary. The group A' p is trivial, except in the following cases where it has order 2: 

(a) A' p = {1, a' i+3 } C A'(x') ifc' is as in Proposition ^ -2\ (a) with X i+2 + x(.\+z) = A i+3 + l. 

(b) A' p = {1, a! i+1 a' iJr2 } C A'(x') ifc' is as in Proposition ^ -S\ (b) with x(K) x(^i+2) + 
x(Xi) = X i+2 + 1 and x'(AJ) = x(Aj) ~ 1- 

4.4. Assume G = 0(2n + 1) and x correspond to the form module 

V = W h {\!) © • • • © W lk (X k ) © D(X k+1 ) © W Xk+2 {X k+2 ) • • • © W Xs (X s ), 

where U = x(Ai), i — 1, . . . ,k. (Note Aj are different from those in 14.11 We use here notations 
from [H].) We describe the orbits c' and the corresponding set Y. 

We view V as an A = &;[t]-module by a ^ %v = Yl a i(x l v). For all z > 1, let 



Wi = ker t n Im(f 

We identify V x with P(kerx n a _1 (0)). Let Y be as in 14.31 There exists a unique io such 
that Y C P(W io ) - F(W io+1 ). Then i Q = Xj for some j = 1, . . . , s or i = X k+1 - 1. Write 
V = E /S. We have the following cases. 

(i) Assume i = Xj, 1 < j < k, Xj — 1 > A J+ i and Xj — lj — 1 > A J+ i — 

c' = ^(Aa) © • • • © W^Xj - 1) © • • • © D(X k+1 ) © ■ • • © W Xs (X s ), 
Y = {\tt x i- l w\t x iw = 0,w i Im t^a^^w) ^ 0},dimY = 2j - 1. 

(ii) Assume i = Xj, 1 < j < k, Xj — 1 > I j — 1 > lj+i and lj — 1 > [Aj/2]. Let 

Y' = {k^-^l^fiJ = 0,w i Im t,a(^ _1 w) = 0}. 
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c' = WiM © • • • © Wi^Xj - 1) © • • • © D(X k+1 ) © • • • © W Xs (K), 
Y = Y' except if A a — l a > Xj-i — lj-x, for all A a > Aj_i, and = lj > 



Vi + 1 



2 1 

then Y = Y' — {E G Y'\xv{\-x) — ~ l}(an open dense subset in Y'), 
dimY = 2j - 2. 

(iii) Assume zo = Xj, j > k + 2 and Xj > Xj + \ + 1. 

c' = ^(AO © • • • © £>(A fe+ i) © • • • © W Xj -i{Xj - 1) © • • • © ^a s (A s ), 
Y = {kt^^w^w = 0,w $ Im t, a(t A ' -1 u;) = 0},dimY = 2j - 2. 

(iv) Assume i = A^+i and l k = X k . 

c' = W/.CAi) © • • • Wj k _i( A *-i) © D(A fc ) © W Afc+1 _ 1 (A fc+1 - 1) © W Xk+2 {\ k+2 ) © ■ ■ ■ © W As (A s ), 
Y = {k^+^w + t Xk ' 1 w')\t Xk + 1 ' 1 w spans y^t^-ii/ = 0,w' Im t, a(t Afe "V) = a(t Afe + 1 ~ 1 ™)}, 
dimY = 2fc-l. 

(v) Assume i = X k+ i — 1 and A^+i — 2 > Afc +2 . Let 

Y' = {kt Afc + 1_2 w|t Afc+1_1 w = 0,w £ Im t,a(t Xk+1 ~ 2 w) = 0}. 

c' = WfcCAi) © ■ ■ • © W lh (A*) © £>(A fc+1 - 1) © ^ Afc+2 (A fc+2 ) © • • ■ © W As (A s ), 
Y = Y' except if A a - l a > X k - Z fc , for all A a > X k , and l k = X k+1 > > 

then Y = Y' — {E G Y'\xv(X k ) — l k — l}(an open dense subset in Y'), 
dimY = 2k. 

4.5. Let x,c', Y,X be as in 031 Assume E G Y C F(W io ) - ¥(W io+1 ). Let X(E) be the 
set of nondegenerate submodules M of V satisfying the following conditions: 

cl) E C M and M has no proper submodule containing E, 



c2) Xm(«o) = Xv(io)- Moreover, m case (v) ofUJX XAi(X k ) = Xv(X k ). 



We describe the set AT(E) in the cases (i)-(v) of 14. 41 in the following. 

(i) Let E = kt> G Y, where v = t Xj ~ l w. There exists v' G W Xj — W Xj+1 , such that 
P(v',w) ^ 0. Take w' such that v' = t x ^ l w' . Then M = Aw © Aw' G X(E) and 
every module in X(H) is obtained in this way. It is easily seen that M = Wi-(Xj). 

(ii) Let E = kf G Y, where v = t Xi ~ x w. There exist v' = t X: >~ 1 w' G W Xj — W Xj+1 , such 
that /3(v',w) ^ and a(t l ^~ l w') ^ 0. Then M = Aw © Aw' G X(E) and every 
module in A(E) is obtained in this way. It is easily seen that M = Wi\Xj). 

(iii) Let E = kt> G Y, where v = t X: >~ l w. There exists v' = t X: >~ l w' G W Xj — W\. +1 , such 
that /3{v',w) ^ and a(t x ^~ l w') ^ 0. Then M = Aw © Aw' G X(E) and every 
module in X(E) is obtained in this way. It is easily seen that M = W Xj (Xj). 

(iv) Let E = kf G Y, where v = t Xk+1 ~ 1 w + t Xk ~ 1 w'. There exists v\ = t Xk+1 ~ 2 w\ G 
W^Afc+x-i - W\ k+1 such that (3(w,Vi) ^ and v[ = t Xk ~ 1 w[ G W Xk - W Xk+1 such that 
/3(v [, t Xk ~ l w') ^ 0. Then M = Aw © Aw 1 © Aw' © Aw[ G X(E) and every module in 
A(E) is obtained in this way. It is easy to see that M = W Xk (X k ) © D(X k +i)- 
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(v) Let S = b G Y, where v = t Xk+1 ~ 2 w. There exists v' = t Xk +^ l w' G W\ k+1 - W\ k+1+ i 
such that 0(w', v) 7^ 0. Then M = Aw © Aw' G X(E) and every module in -AT(E) is 
obtained in this way. It is easy to see that M = D(\k + i). 

4.6. Let M G X(E) and M ± = {v E V\P(v,M) = 0}. Then is a non-degenerate 
submodule of V. In cases (i)-(iii), we have that V = M © M 1 - . In cases (iv)-(v), we 
have V = M + M x and M H M -1 = l/ -1 . The nondegenerate submodule M 1 - has orthogonal 
decomposition M L = M'®D(1), where M' is a non-defective submodule. Hence V = M'©M 
(direct sum of orthogonal sub modules). Now the map t' : E^/E — > E /E induced by t is 
given by the form module s ^ M © M', where M' is defined as above in cases (iv)-(v) and 
M' = M ± in cases (i)-(iii). We write M = ^M. 

We explain case (ii) of 14.41 in some detail and the other cases are similar. In this case 
M = W^iXjXM = Wi s -i(\j - 1). Recall that XWiXXj) = [Xj ■ lj], where [to : 1} : N -> N is 
defined by [to; l](k) = max{0, mm{k—m+l, I}}. We have that x{Xi) = max{XM'(K), Xm(Ai)} 
and x'{Xi) = max{xM'(Ai), XmW}- One easily check that x{\) = x'(\) for i > J + x(Xj- 
!) = - 1) = Zj - 1, and x(Xi) = h = max{x M /(Aj), Zj}, x'(Aj) = max{xM' (A*), Zj - 1} 
for i < j — 1. 

If Zj_i > Zj, then Zj > Zj, V z < j — 1. It follows that ^M'(Ai) = k and thus x'(-^i) = k, 
V i < j — 1. Assume Zj_i = Zj and there exists some Aj > Aj_i such that Aj — h = Aj_i — 
then Zj > Zj and XM'(Aj) = Zj. It follows that Xm'(^'-i) = ^j-i _ Aj + Zj = Zj_i and thus 
XM'(Aj) = Zj,V i < j — 1. Assume Zj_i = lj > [(Aj_i + l)/2] + 1 and for all Aj > Aj_i, 
Aj — Zj > Aj_i — Zj-i- Since we require Xv'(-^i-i) = (/-l) Xm'(Aj_i) = Zj_i and thus Xm'{\) = 
h, V i < j — 1. In any case, x'(^i) — k, V z < j — 1. Hence c' is of the form as stated. 

4.7. The form modules (E x n M)/E are described in the following:. 

(1) Assume x = W m (2m), m > 1. Then P x = P(kerx) and f x (V x ) = W m (2m - 1). 

(2) Assume x = W m+1 {2m + 1), m > 1. Then P x = P(kerx), Yi = /- 1 (H / m (2m)) 
consists of two points and Y 2 = f~ 1 (W m +i(2m)) = 7^ — Yi. 

(3) Assumes = W,(m), (to+1)/2 < Z < m. Then P x = P(kerx), Yj = ^(W|_i(m-1)) 
consists of one point and Y 2 = f~ 1 (Wi(m — 1)) = V x — Yi. 

(4) Assume x = W m (m), m > 2. Then consists one point and f x (V x ) = W m -i(m — 1). 

(5) Assume x = Wi(l). Then V x consists of two points and f x (V x ) = {0}. 

(6) Assume x = W m (m) © D(k), m > k > 1. Then ^ = P(kerx n a _1 ( )) and 
f x \D{m) © W fc _i(A: - 1)) = P((W* - n ^(O)). 

(7) Assume a; = D(m), m > 2. Then P x consists of one point and f x (V x ) = D(m — 1). 

4.8. We prove Proposition 14.31 for 0(2n + 1). The proof for 0(2n) is entirely similar and 
simpler. We use similar ideas as in [12]. We first show that Zq(x) acts transitively on Y. 
Consider Y* = {(E,M)|E G Y, M G X(E)*}, where = {M G X(E)|x^(A a ) = 
Xv(^a),Va 7^ j in cases (i)-(iii) , a ^ k, k + 1 in case (iv) and a 7^ Zc + 1 in case (v)} is a 
nonempty subset in X(E). For M G pr2(Y*), the equivalence classes of M , M -1 do not 
depend on the choice of E G Y such that (E, M) G Y*. It follows that Zq(x) acts transitively 
on pr 2 (Y*). 

Fix E G Y and M G X(E)*. Let be the stabilizer of M in Zq{x). The quadratic form 
a on 7 restricts to nondegenerate quadratic forms on M, M (or M', if M' 7^ M ). Let 
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G(M), G(M ± ) (or G(M')) be the groups preserving the respective quadratic forms and fl(M), 
^(M- 1 -) (or g(M')) the Lie algebras. Let xm, x m ± (or i^) be the restriction of x on M, M 1 - 
(or M') respectively. Then %e 0(M), x M x G ^(M- 1 ) (or x M ' G q(M')). We have that Z M 
is isomorphic to Z G(M) (x M ) x Z G{M ± ) (x M ±). Set Y^ = pr^(M) ={Eg Y|M g X(E)*}. 
By examining the cases (l)-(7) from 14.71 we see that Zm acts transitively on ~Y* M . Thus 
Zq{x) acts transitively on Y* and hence acts transitively on Y = pr i(Y*). 

Let Zs be the stabilizer of E in Zq{x). The morphism Ap — > A'{x')/A' P is induced by the 
natural morphism Z^/Z^ — > A'(x'). Since X(E)* is irreducible, Z^,m — Zt, H meets all 
the irreducible components of Zs. Thus to study the morphism Ap — > A'(x')/A P , it suffices 
to study the natural morphism Z^mIZ\ m — > A'(x'). 

Let X£ { be the endomorphism of M = (E -1 n M)/E induced by xm- Then a:^ G fl(M). 
Let A'(a^) = Z G (M ) (xtf)/Z°,^(xfi [ ). Let Z = {2 G Z G(M) (£ M ) |^E = E}. We have a 

natural isomorphism Z SiM = Z x Z G ( M x)(x M x) and Z^ tM /Z^ M = Z/Z° x A(a; M ±). The 
morphism A(x M ±) — > A'(x') is the one obtained as follows. Note that A(x M ±) is naturally 
isomorphic to A(xm')- The system of generators of A(x) is the union of the generators of 
A(xm) and A(x M ±) and the morphism A(xm) x ^(^a/- 1 -) — ► A(x) is equal to the one induced 
by Zo(m)( x m) x ^G(M- L )( a; Af- L ) — %m C Zq{x). On the other hand, we have a morphism 
A'(xjy-) x A(xm') — ► ^4'(x') which comes from the isomorphism E /E = M © M' and it is 
given by the system of generators. Hence the map A(x M ±) Z^m/Z^ m — > A'(x') is given 
by generators. It remains to identify the morphism Z/Z° — > A' (a/). 

We can show by explicit calculation on the cases (l)-(7) in 14.71 that the natural morphism 
Z/Z° — > A(xm) is injective and the image is generated by {%|A'- 7^ Aj,Oj belongs to the 
system of generators of A(xm) and A'{x^)}. Using this description of Z/Z° and the above 
description of the morphism A'{x^) x A(xm') — > A'(x'), we see that the morphism Z/Z° — > 
A'(x') is given by the system of generators. So we have obtained a complete description of 
the morphism Zy,,m/Z^ m — > A'{x') and we deduce easily that A' P and the homomorphism 
Ap — > A'(x')/A' p are as in Proposition 14.31 

5. DUAL OF SYMPLECTIC LlE ALGEBRAS 

Assume G = Sp(V). 

5.1. Let £ G 0* be nilpotent and , Tg defined for £ as in 12.71 The G-orbit c of £ is 
characterized by the following data ([15]): 

(dl) The sizes of the Jordan blocks of Xg give rise to a partition of 2n. We write it as 
Ai < A 2 < • ■ • < A 2m +i, where Ai = 0. 

(d2) For each Aj, there is an integer x(K) satisfy < x{K) < K- Moreover, x{K) > 
x(Ai-i), A, - x(Ai) > Xi-i - i = 2, . . . , 2m + 1. 

Then m(A^) is even for each \ { > 0. We write £ (or c) = (A, x) = (A 2 m+i) x (A 2ra+ i) • " " (^i)x(Ai)- 
The component group = Z G (£)/Z G (£) can be described as follows ( [15] ) . Let Oj cor- 
respond to Aj. Then is isomorphic to the abelian group generated by {ai|x(^i) 7^ 
(Aj — l)/2} with relations 

(rl) a\ = 1, 

(r2) at = a i+ i if x(A») + x(-Vfi) > K+i, 
(r3) a* = 1, if A« = 0. 
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5.2. Let P be the stabilizer of a line E = {kv} C in G. 
Lemma. £ G p' if and only if a^(v) = and T^(v) = 0. 

Proof. P is the stabilizer of the flag {0 C {v} C {v} 1 - C V}. Write V\ = v. There 
exists vectors Vi, i = 2, . . . , 2n such that t>j, i = 1, . . . , 2n span V and j3(vi, Vj) = Sj ji+n , 
i < j. Let x G rip. We have xv\ = 0, xvi = aiVi,i ^ l,n + 1 and xt> n +i = bv\ + 
EL2 a «+i ?; ' + Y^i=2 a i v n+i- Assume = tr(Xx') for any x' G g. A easy calculation 

shows that tr(Xx) = Y%=2 a i@d v u v n+i) + Ya=2 a>n+iPt( v h Vi) + ba^{v x ). Moreover, T^{v x ) = 

£"=1 Pd V U V n+j)Vj + E"=i V j) V n+j- 

We have £ G p' if and only if £(x) = for any x G rip if and only if P^(v\, Vi) = P^(vi, v n+i ) = 
0,i — 2, . . . , n and a^{y i) = 0. Thus £ G p' if and only if a%(v i) = and T^{vi) = av\ for some 
a G k. Since is nilpotent, Tg(vi) = av± if and only if a = 0. The lemma is proved. □ 

5.3. Assume c' = (A', X ') e j^), Y = /^(c') and X = ^(Y) fsee [2TT3|) . 

Propsition. VFe have dimX = dim£>£ if and only if (A', x') satisfies: 

Assume X i+1 = A< > K-i- Xj = A i; j 7^ A- +1 = A m -1,A- = A<-1, x'(A^) = x(Aj), 

j ^ z,z + 1 and = x'(A< +1 ) e {x(Ai),x(Ai) - 1} sato/^es [AJ/2] < ^(AQ < A<, 

x(Ai-x) < x'(AD < x(Ai-i) + A, - Ai_i - 1. 

VFe /lave dim Y = 2m — i + 1 if x\K) = x(Xi) dim Y = 2m — 2 if x'(K) = x(Ai) — 1- 

5.4. From now on let c' be as in Proposition 15 .31 Let Ap and A' p be as in 12.131 

Propsition. The group Zc{£,) acts transitively on Y. The group Ap is the subgroup of A(£) 
generated by the elements eij which appear both in the generators of A(£) and of A' '(£')■ ^ e 
grcmp A'p is the smallest subgroup of A'(£') sncn tnat £/ie map Ap — > A'^^/Ap given by 
ai 1— > a- is a morphism. 

Corollary. Y aas £u>o irreducible components (and |A(£)/Ap| = 2) if c' zs as m Proposition 
with x(\) = f, A i+2 - x(A i+2 ) > Ai/2 and x'(AJ) = x(A») - 1- 

In i/iis case, suppose D = {l,aj} = {l,a i+ i} C A(£) ; tnen A(£) = D x Ap. In tne oiaer 
cases, Y is irreducible and Ap = A(£). 

Corollary. The group A' P is trivial, except ifc' is as in Proposition with x(Ai) 7^ y, x(^«+2) + 
x(Ai) = X i+ 2 and x\K) = x(A») - 1- 

In i/iis case, we aawe A P = {l,a^ +1 a- +2 } C A!(£'). 

5.5. Propositions 15.31 and 15.41 are proved entirely similarly as in the orthogonal Lie algebra 
case. We describe the orbits c' and the varieties Y. The details are omited. Assume £ 
corresponds to the form module V = *Wi 1 (\i) © • • ■®*'Wi 3 (\ s ), where k = x(K)- (Notations 
are as in [TB].) 

We regard V as an A = k[t]-module by ^2 = a iT^v. By Lemma 15.21 we can 
identify T>i with P(W), where W = {v G ker t\a$(v) = 0}. Let E = b G Y and S- 1 = {v' G 
V|/3(u', S) = 0}. The quadratic form induces a quadratic form : E^/S — >■ E^/E and 
induces a linear map : E /E — > E /E. Then defines an element £' G sp(E J -/E)* = [*. 
Moreover, £' G c', = and = T^. We have the following cases. 

(i) Assume 1 < j ' < s, Xj — 1 > A J+ i and Xj — lj — 1 > A J+ i — 

c' = *W h (X 1 ) © ■ ■ ■ © *^.(A,- - 1) © • ■ ■ © *Wx.(\s), 

Y = {kt >l '- 1 w\t K 'w = 0,w £ Im t, atttf'- 1 ™) ^ 0}, dim Y = 2j - 1. 
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(ii) Assume 1 < j < s, Xj — 1 > Xj+i, lj — 1 > and lj — 1 > [(Aj — l)/2]. Let 
Y' = {kt^^wlt^w = 0,w i Im t,a^~ x w) = 0}. 

c' = *W tl (Ai) © • • • © *W lj - 1 (\ j - 1) © • ■ • © *W ls {X s ), 

Y — Y' except if A a — Z a > Aj_i — Zj_i, for all A a > Aj_ 1; and lj_i = lj > ^ 1 , 

then Y = Y' - {E 6 Y'|xv(A./_i) = Zj_i — l}(an open dense subset in Y'), 
dimY = 2j - 2. 

6. DUAL OF ODD ORTHOGONAL LlE ALGEBRAS 

Let G = 0(2n + l). 

6.1. Let £ G g* be nilpotent. Let V = V^m+iffiW 7 be a normal form of £, and T ? : — >• 
defined for £ as in 12.81 The orbit c of £ is characterized by the following data (|15j): 

(dl) An integer < m < n. 

(d2) The sizes of the Jordan blocks of Tg give rise to a partition of 2n — 2m. We write it 
as Ai < A 2 < ■ ■ • < A 2s . 

(d3) For each Aj, there is an integer x(^i) satisfy -f < x(^i) — Moreover, — 
x(Xi-i), Xi - x(Xi) > Ai_i - x(Ai-i), i = 2, . . . , 2s. 

(d4) m > A 2s -x(A 2s ). 

Then m(Aj) is even for each Aj > 0. We write £ (or c) = (m; A, x) = (wi; (A2s)x(a 2s ) ' ' ' (^i)x(Ai))- 
The component group A(£) = Zq(£) /Zq(£) can be described as follows Let Oj cor- 

respond to Aj, i = 1 . . . , 2s. Then A(£) is isomorphic to the abelian group generated by 
{aj|x(Aj) 7^ Aj/2} with relations 

(rl) a? = 1, 

(r2) a,i = a i+ i if x(K) + x(-Vt-i) > 
(r3) a 2s = 1 if x(A 2s ) > m. 

6.2. Let P be the stabilizer of a line X = {kx> } C V in C7, where a;(u) = 0. 
Lemma. ( 6 p' i/ and on/?/ /?£ (i>, f ') = for any v' G V. 

Proof. P is the stabilizer of the flag {0 C {v} C {v} 1 - C V}. Write V\ = v. There exists 
vectors t/j, i = 2, . . . , 2n + 1 such that n j, z = 1, . . . , 2n + 1 span V and /3(t>i, f j) = Sj t i +n , 
1 < * < j < 2n, f 2 n+i) = 0, i = 1, . . . , 2n + 1, a(vi) = 0, i = 1, . . . , 2n, a(v 2n +i) = 1- 
Let x G rip. We have xv\ = 0, xvi = aiVi,i ^ l,n+ l,2n + 1 and xt> n+ i = X^=2 a «+« t '* + 
YH=2 a i v n+i + &n 2n+ i, £^2n+i = 0. Assume £(#') = tr(Xx') for any x' G g. A straightforward 
calculation shows that tr(Ax) = Yn=% a ify( v i> v n+t) + Yh=2 a n+iPd v ^ v i) + ty^i^n+i)- 
Thus if £ G p' then fe(vi,Vi) = 0, i ^ n + 1. 

Now let FT be the subspace of V spanned by Vi,i = 1, ... , 2n. Then (3 is nondegenerate 
on W. We define a map T : — > W by (3{Tw,w) = /3^(w,w'), w,w' G W. Then 
similar argument as in [151 Lemma 3.11] shows that T is nilpotent. One easily shows that 
Tvi = Y^j=ife( v i-> v n+j)vj + Y,™=iPd v i' v j) v n+j- It follows that Tv x = i3^(v 1 ,v n+ i)v 1 and 
thus (3(.(vi,v n+ i) = 0. The lemma follows. □ 
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6.3. Let c' = (W; A', X ') e A(^), Y = f[ l {c') and X = p^(Y) (see EES). 

Propsition. VKe aai>e dimX = dim£>g i/ and only if (A', x') ond m' satisfy (a) or (b): 

(a) Assume m — 1 > A 2s — x(^2s)- m' = m — 1, X' { = Aj and x'(A^) = x(A») ; i = 1, . . . , 2s. 
VFe aai>e dimY = 0; 

f&j Assume that = Aj > Aj_i. m' = m, A' = Aj, j ^ i + X' i+1 = Aj+i — 1, A- = 
Ai - 1, x'(Xj) = x(\), + 1 x'iK) = x'(K+i) G {x(Ai),x(^i) - 1} satisfies 

K/2 < x\K) < K, x(Ai-i) < < x(Aj_i) + A, - A,_! -I. We have dim Y = 2s - i + 1 

»/x'(AJ) = X(A<) ^ dimY = 2s - i i/ x '(AJ) = X (A<) - 1. 

6.4. From now on let c' be as in Proposition 16 .31 Let Ap and A' p be defined as in 12.131 

Propsition. The group Zq{^) acts transitively on Y. The group Ap is the subgroup of A(£) 
generated by the elements ai which appear both in the generators of A(£) and of A'(£'). The 
group A'p is the smallest subgroup of A'(£') such that the map Ap — > A'(£')/A'p given by 
a-i I— > a- is a morphism. 

Corollary. The variety Y has two irreducible components (and \ A(£)/Ap\ = 2) if c' is as in 
Proposition^ (b) with X {\) = x\K) = x{\) ~ l , and X l+2 - X (A i+2 ) > (A* + l)/2 
if i <2s - I, m>(\i + l)/2 i/i = 2s - 1. 

In this case, suppose D = = {l,a i+ i} C A(£), then A(£) = D x A P . In the other 

cases, Y is irreducible and Ap = A(£). 

Corollary. The group A' p is trivial, except ifc' is as in Proposition \6.3\ (b) with x{\) 2^> 
X'(K) = X(K) - !; and x(A i+2 ) + x(K) = \+2 + 1 i/i < 2s- 1, x(\) = m + 1 ifi = 2s - 1. 
We aave A' P = {1, a-+ia- +2 } C A'(£') ifi < 2s - 1 and Ap = {1, a' 2s } C A'(f') i/i = 2s - 1. 

6.5. Write £ = V 2m+ i © where W = W h (Ai) © • • • © W ls (K), k = x{\), \ > K+i 
(notation as in |il5|). Let Vi, i — 0, . . . , m be as in 12.81 We view If as a k[t] module by 
Y^CLi^w = Y2 a iT^w. It follows from Lemma [6.21 that V% is identified with P((ku © kert) R 
a _1 (0)). Let £ G Y and E -1 = {V G V|/3(V, S) = 0}. The bilinear form f}^ induces a bilinear 
form 4 on E x /S. Then defines an element £' G o(S x /S)* = [*. We have that £' G c' and 

= The variety Y in various cases is described in the following. 

(i) Assume m > 1 and m — 1 > Ai — Zi. 

e' = vw-i © ^(ao © • • • © w ls (\ s ), 

Y = {kf } consists of one point. 

(ii) Assume Xj — I j — 1 > A J+ i — Xj > A J+ i + 1. Then m > 1. 

e' = VWi © ^x(Ai) © • • • © W h (\j - 1) © • • • © W h (X s ). 

Y = {kv\v = av + t Xj ~ 1 w,w G W,t Xj w = 0,w <£ tW,a(t l ^ l w) ^ a 2 5 m ^-i 3 }- 

dimY = 2j. 

(iii) Assume lj — 1 > lj > [Aj/2] + 1, Aj > Aj + i + 1. 

£ = V 2m+1 © W h {X{) © • • • © ^-i(A,- - 1) © • • • © W ls (X s ), 

YcY':= {kw|w = aw + t Aj_1 n;,n; G W^t^u; = 0,w i tW.ait^^w) = a 2 5 mA] -i :j }, see [6^1 
dimY = 2j - 1. 
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6.6. Case (i) is clear. We explain case (iii) in details. Case (ii) is similar. 

Let E = kv G Y, where v = avo + t x ^ lr w. Let Ui G X^m+i, i — 0, . . . , m — 1 be as in 
12.81 Assume a ^ 0. There exists wo G W such that /3(wq, = 1 and a(wo) = 0. Let 

u = aw + u Q and we define V^ m +i, as in 12.81 Then V = V2m+i © W (Xwi^i) = anc ^ 
E CW. Note that v = where iS = w + /^( aw o, f^H G HP and a(^ -1 «;) = 

a{t l i- 1 w)+a 2 5 m>X] _i ] . 

Now we can assume V = V 2m +i © W is a normal form of £, with E = kt> C W and 
y = t^~ l w, w eW. Then E^E = V 2m+ i®{T l - L nW)/E. We apply the results for orthogonal 
Lie algebras to (E x n W)/E (seeg2D- Write W = (E x n W)/E. The set Y = Y', except if 

^-1 = h > Aj ~2 +1 ' m > Aj-i ~~ ^i- 1 anc ^ ^ or an ^ a > ~ > Aj — /j, then Y consists 

of those v such that Xw(^j-i) — h-i- 

6.7. We prove Proposition [631 In case (i), we have L = {kv } C V-im+i. For any g G Z G (£), 
we have that #t; = v . Hence if = Z P (£) = Z G (£), # = MO n Z G (f) = Z°(£) and 

In cases (ii) and (iii), we can find a normal form V = V 2m +i © W such that T, C W 
(see I6.6p . Let X(E) be the set of all such W. We first show that Z G (£) acts transitively 
on Y. Let Y = {(E,VT)|E G Y, W G X(E)}. Then Z G (£) acts transitively on pr 2 (Y). 
Set = pr^" (VK) = {E G Y|W G X(E)}. It follows from the results in the orthogonal 
Lie algebra case that Z w acts transitively on Y w (see Proposition 14.31) . Then Z G (£) acts 
transitively on Y and hence acts transitively on Y = pri(Y). 

Fix E G Y and W G X(Y0). Let Zw and Z^ be the stabilizer of W and E in Z G (£) 
respectively. The morphism A P — > A'(£')/A' P is induced by the natural morphism Z^/Z^ — > 
A'(£'). Since X(E) is irreducible, Z^yv = H Z^ meets all the irreducible components of 
Ze- Thus to study the morphism — > A'(£')/A'p, it suffices to study the natural morphism 

The quadratic form a onV restricts to nondegenerate quadratic forms on W and W^. Let 
G(W), GiW^) be the groups preserving the respective quadratic forms and g(W), giW- 1 ) 
the Lie algebras. The bilinear form (3% on V restricts to bilinear forms on W and W L . Let £w 
and £, w ± be the corresponding elements in g(W)* and g(W / ~ L )* respectively. Moreover, the 
bilinear form (3^ induces a bilinear form on W = (E -1 D W)/H. Let ^ w be the corresponding 
element in q{W)* and A'(^) = Z G{W) ^ W )/Z° G{W) ^ W ). 

Let 2 = {z G Z G(W /)(^ W /)|2;E = E}. Since Z w = Z G {W){iw) x Z G ( W x^(£ w ±) : we have 
natural isomorphisms Z^yv — Z x Z G (wa)(£ppu.) and Z^vv/^ew — Z/Z° x A(^-l). Note 
that = {1}. On the other hand, we have a morphism A\^ w ) x A(£ w ±) — ► A'(£') 

which comes from the isomorphism E^/E = iy © H^ -1 and it is given by the system of 
generators. It follows form the results for orthogonal Lie algebras that the morphism Z/Z° — ► 
A f (£yy) is given by generators (see Proposition 14.31) . We then deduce easily that A' P and the 
morphism A P — > A'(£')/A' P are as in Proposition 16.41 

7. Some combinatorics 

In this section we recall some combinatorics from [5J E] ■ The combinatorics goes back to 
[3], where it is used to parametrize unipotent representations of classical groups. We will use 
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the same kind of combinatorial objects to describe the Springer correspondence for classical 
Lie algebras and their duals in characteristic 2. 

7.1. Let r,s,n G N — {0,1,2,...}, d e Z, e — [f] G Z ([-] means the integer part). 
Let X^ d be the set of all ordered pairs (A, B) of finite sequences of natural integers A = 
(oi, a 2 , . . . , a m +d) and S = 6 2 , ■ ■ ■ , 6 m ) (for some m) satisfying the following conditions: 

a i+ i — di > r + s, i — 1, . . . ,m + d — 1 
frj+i — + i = 1, . . . , m — 1 

&i > s 

a * ^ = n + r ( m + e )( m + d — e — 1) + s(m + e)(m + d — e). 

The set X^ d is equipped with a shift a rjS . If (A, 5) is as above, then a rjS (A, B) = (A', B'), 
A' = (0, ai + r + s, . . . , a m+rf + r + s), £' = (s, &i + r + s, . . . , b m + r + s). 
Let X%* d be the quotient of X^ d by the equivalence relation generated by the shift and 

K' s = U X Z- 

d odd 

The equivalence class of (A,B) is still denoted by (A,B). 

Assume s = 0. Then there is an obvious bijection X r » A -> X£_ d , (A 5) h-> (5, A). This 
induces an involution on each of the following sets 

y-r _ I I Y r >° vr —II Y r >° 

^n.even ~ {J ^n,di ^n,odd — \J ^n,d- 

d even d odd 

Let ^ n r ,e V en (resp. ^ odd ) be the quotient of X^ even (resp. X^ odd ) by this involution. For 
d > 0, the image of X^° ±d in Y^ n or l^" odd is denoted Y£ d and the image of (A, B) is 
denoted {A, B}. 

7.2. When we consider simultaneously two elements (A, B) G A^ and (A', 5') G A^,'^, 
with d — d' even, with A = (ai, . . . , a m+d ), B = (bi, . . . , b m ) and A' = (a[, . . . , a' m , +d ,), B' = 
(b[, . . . , fe^/), we always assume that we have chosen representatives such that 2m + d — 
2m' + d'. We use the same convention for {A, B} G Y£ d and {A', B'} G Y^' d , with d,d' > 
and d — d! even. 

There is an obvious addition 

x - KXOT', (A B) + (A, 5') = (A", B'% < = a* + a>, b*> = b i + b'. 

The same formula defines Y£ d x Y^,' d — ► rf . 

Let Aq* G Xq'J (resp. Aq'q G Xq q) be the element represented by (A, B) = (0, 0) (resp. 
(A, B) ='(0,0)). 'if s = 0, let A r 01 eYfo (resp. A r 00 G Y£„) be the image of A£° (resp. A r 00 ). 
We have the following bijective maps: 

X° n j -> X^, A - A + Aft, K* - *m» A ^ A + A^, d = 0, 1. 

Since d > 1, and X°'° are obviously in bijection with the set of all pairs of partitions 
(//, v) such that fa + Vi = n and thus with W£, Y^ is in bijection with the set of all 

20 



unordered pairs of partitions {/x, u} such that [Li + v, L = n and thus with W A ', we get 
bijections 

W A — > X r,s W A — > Y r W A ' — >■ Y r 

7.3. An element (A, B) G A"^ is called distinguished if d = 0, a\ < b\ < a 2 < ■ ■ ■ < a m < 
b m or if d — 1, ax < b\ < a 2 < • • • < a m < b m < a m+i . An element {A, B} G Y£ d (d > 0) is 
called distinguished if (A, B) or (B, A) is distinguished. Let D% s , -D^ even , -D^ j0 dd' D^ d 
be the set of all distinguished elements in X% s , Y£ even , Y£ odd , X^ s d , Y£ d respectively. 

Assume r > 1. For (A, B) G we regard A,B as subsets of N. Two elements 

(A, B), (C, D) G X r / are said to be similar if AU B = C U D and Af) B = C f) D. We define 
similarity in 5^" even and Y^ odd in the same way. 

Let S = (A U n £>). A nonempty subset I of S is called an interval of (A, B) or 

{A, B} if it satisfies the following conditions: 

(i) if i < j are consecutive elements of /, then j — i < r + s; 

(ii) if i & I, j G S and |i — j| < r + s, then j G /. 

We call / an initial interval if there exists i G / such that i < s and a proper interval 
otherwise. 

Let S C X^ ,s (resp. Y£ odd or 5^[ even ) be a similarity class and (A, B) (resp. {A,B})<E S. 
Let -E be the set of all proper intervals of (A, B) (resp. {A, B}). The set A(E) of all subsets 
of E is a vector space over F 2 . If S C X% s , it acts simply transitively on S as follows. The 
image of (A, B) under F C E is the pair (C, -D) such that 

An I = D n I, B n I = C n I if tmd only if / G F. 

If 5 C Y^ odd (or Y^ even ), as E transforms (A, B) to (B, A), the same formula defines a simply 
transitive action of A(E)/{®, E} on S. 

For A G X£ s (resp. Y^ odd or F n r even ), let V^ s (resp. V£) denote the vector space A(E) 
(resp. ^.(E 1 )/!©, E}), where E is the set of all proper intervals of A. For F G V^' s (resp. 
VJ), let A^ be the image of A under the action of F. 

7.4. Examples. (1) and Y^g are used in [3] to describe W A and W A/ respectively. 

(2) Assume char(k) ^ 2. X^ 1 , Y^ cven and Y^ odd are used in [5] to describe the generalized 
Springer correspondence for Sp 2n , SO{2n) and SO{2n + 1) respectively. 

(3) X%' 2 and Y^ even are used in j9] to describe the generalized Springer correspondence for 
unipotent classes of Sp{2n) (or SO(2n + 1)) and SO{2n) respectively. 

(4) K^_ lodd , Xl> 1 and X^ evcn = U deven X^ d are used in [7J to describe the generalized 
Springer correspondence for disconnected groups 0(2n),G 2 n+i with G° type A 2n , and G 2n 
with G° type A 2n -i respectively. 

(5) We will use X^' n+1 , X™ +1 ' n+1 and Y^en to describe the Springer correspondence for 
o(2n + 1), sp(2n) and o(2n) (or o(2n)*). 'The set D% n+l (resp. D" +1 > n+1 , DJJ+^J is in 
bijection with the set of 0(2n + 1) (resp. Sp(2n), 0(2n))-nilpotent orbits in o(2n + 1) (resp. 
5P 2 „, o(2n)). 

(6) We will use Y^ 1 ^ and A^ ,ri+1 to describe the Springer correspondence for o(2n + 1)* 
and sp(2n)*. The set L>"+ dd (resp. D^ ,ri+1 ) is in bijection with the set of 0(2n + 1) (resp. 
Sp(2n))-nilpotent orbits in o(2n + 1)* (resp. sp 2n ). 

21 



8. Springer correspondence for symplectic Lie algebras 



Assume G = Sp(2n). 

8.1. Let x G g be nilpotent. The orbit c of x is characterized by the following data ([2]): 
(dl) The sizes of the Jordan blocks of x give rise to a partition of 2n. We write it as 

Ai < A 2 < • ■ • < A 2m +i, where Ai = 0. 

(d2) For each Aj, there is an integer x(Aj) satisfy < x(Aj) < y- Moreover, x(Ai) > 
x(Ai_i), Aj - x(K) > Ai-i - x(Ai-i), i = 2, . . . , 2m + 1. 

We can partition the set {1, 2, ... , 2m + 1} in a unique way into blocks of length 1 or 2 
such that the following holds: 

(bl) If x(Ai) = Aj/2, then {i} is one block; 

(b2) All other blocks consist of two consecutive integers. 
Note that if {i,i + 1} is a block, then Aj = and x(Aj) = x(Ai+i)- 

We attach to the orbit c the sequence c%, . . . , c 2m+ i defined as follows: 

(1) If {i} is a block, then a = Aj/2 + (n + l)(z - 1); 

(2) If {i,i + 1} is a block, then Cj = Aj — x(Aj) + {n + — 1), c i+ i = x(\+i) + (n + 
Taking = Cu-i, % = 1, . . . , m + 1, hi = c 2 i, i = 1, . . . , m, we get a well defined element 

(A, B) e X^ hn+1 . We denote it p G {x), p{x) or p(c). 

Lemma, (i) c i— > p(c) defines a bijection from the set of all nilpotent Sp(2n)-orbits in sp(2n) 
to D% +1 > n+1 . 

(ii) Ag{x) a is isomorphic to V^i ,n+ . 

Proof, (i) It is easily checked from the definition that p(c) G £)™+ 1 ' n + 1 and the map c i— > p(c) is 
injective. Note that ,n+ = D" +1,n+1 is in bijection with and the number of nilpotent 
orbits is equal to |W^| by Spaltenstein [UJ. Hence the bijectivity of the map follows. In 
fact, given (A,B) G £)™+ 1 . n+1 j the corresponding nilpotent orbit can be obtained as follows. 
Let Ci < c 2 < • • • < c 2m+ i be the sequence ai < bi < ■ • • < a m+ %. If c i+ i < q + (n + 1), then 
{i, i + 1} is a block. We can recover Aj = Aj+i and x(A«) = x(Ai+i) from (2) of the definition. 
All blocks of length 2 are obtained in this way. For the other blocks, we can recover A, and 
thus x(Ai) = Aj/2 from (1) of the definition. 

(ii) One easily checks that (A, B) has no proper intervals. It follows that V™m ' n+ = {0}. 
On the other hand, A(x) = 1 since Zq(x) is connected by Spaltenstein [TTJ. □ 

8.2. Consider a pair (x, 0) G 2l , then 0=1. 

Theorem. The Springer correspondence 7 : 2l —>■ = X" +1,ri+1 is given by 

(x, 1) 1 ^ p(a;). 

Remark. Theorem \8.S\ rewrites the description of Springer correspondence by Spaltenstein 
[TTJ wsing pairs 0/ partitions. Note that he works under the assumption that the theory of 
Springer representations is valid for g in characteristic 2. 

8.3. Let c reg be the nilpotent G-orbit in g which is open dense in the nilpotent variety M 
of g. Let c be the orbit. 

Lemma. The pair (c reg , Qi) corresponds to the unit representation and the pair (ctriviai, Qz) 
corresponds to the sign representation. 
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Proof. One can show that the Weyl group action on H l (B) defined in [H] coincides with 
the classical representation. Assume x £ correspond to the pair (c, J 7 ) G 2l . We write 
X — X(c,F)- Recall that we have the following decomposition 

ip\QixW[dimG -n]= (J) X(c,t) ® IC(c, ^{dimc}. 

(c,^)e2t g 

Thus for x G J\f, 

H 2i {B x ,Qi) = X(c,t) ® (W 2i+dlmc - dlmG+n /C(c,^)) ;c . 

Taking i = (dimG - n)/2 and a; = 0, we get H dimG - n {B, Q { ) = X(co,Q,) since A ( c o) = 
1. It follows that X(c .Qi) * s the s ig n representation. Taking i — and a; = 0, we get 
H°(B,Qi) = X(c re9 ,Q ; ) ® (W°/C(c^,Qi)) since A(c re9 ) = 1. It follows that X( Creg ,Qi) is the 
unit representation. □ 

Proof of Theorem \8.2[ By the discussion in 12.141 it is enough to show the correspondence 
defined is compatible with the restriction formula (R). When n = 1, by Lemma 18.31 the 
pair (c reg , 1) corresponds to the unit representation and the pair (c , 1) corresponds to the 
sign representation. When n = 2, there are two representations of W 2 restricting to unit 
representation and two representations of W 2 restricting to sign representation. But again we 
know the pair (c reg , 1) corresponds to the unit representation and the pair (c , 1) corresponds 
to the sign representation. When n > 3, we show that the map is compatible with the 
restriction formula. Let x G g and x' G ( be nilpotent elements. Note that we have Aq{x) = 
Al(%') — 1- Hence it is enough to show that 

(8-1) (l,e XtX .) = (Res^_ iPG (x),p L (x'))w„_ 1 . 

Note that X^' n+1 = if d £ 1 is odd. Thus X^ n+l = X^' n+1 . Let (A, B) G X™ +1 >" +1 
correspond to x £ The pairs (A', B') G X^ x which correspond to the components of 

the restriction of x to W n _! are those which can be deduced from (A, B) by decreasing one 
of the entries Cj by z and decreasing all other entries Cj by j — 1 . This can be done if and only 
if i > 3 and q - q_ 2 > 2n + 3, z = 2, q > n + 2 or z = 1, c x > 1. We write (A, 5) -> (A', 5') 
if they are related in this way. 

Now (18.11) follows since S x>x ' ^ if and only if x, x' are as in Proposition 18.41 (see below) 
if and only if pg(x) — » Pl(x'). □ 

8.4. Consider a nilpotent class c' G f x (V x ) corresponding to (A 2m+ i) x '(A^ m+1 ) ■ • • (^'i)x'(Ai) := 
(A',x'). Suppose Y = / a T 1 (c / ) and X = g~ 1 (Y). (Notations are as in 12.111 ) 

Propsition ([H]). The group Zq{x) acts transitively on Y. We have dimX = dim£> x if 
and only if (A', x') satisfies a) or b): 

a) Assume Aj — A,_i > 2, x(^i) = and x(Aj) > \j — Aj/2 + 1 for each j < i. Aj = Xj, 
j 7^ i, \'i = A, — 2, x'(Aj) = x(Aj) for each j ^ i and x'(K) = In this case dimF = 
2m — z + 1. 

b) Assume X i+1 = \ { > Aj_i. A^ = ^ i,i + 1, A- +1 = A- = A* - 1, x'(A^) = x(^j) 
for each + l and X \K) = x'(K+i) £ {x(K),x(\) ~ 1} satisfy < X \K) < AJ/2, 
x(Ai-i) < X'(AJ) < + Aj - A,_! - 1. We W dimF = 2m - z + 1 ifx\K) = x{\) 
and dim Y = 2m — i if x'(K) = x(K) — 1 ■ 
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9. Springer correspondence for orthogonal Lie algebras 



9.1. In this subsection we assume G = 0(2n + 1). 

Let x = (A2m+i)x(A 2 m+i) ' ' ' (^i)x(Ai) G g be a nilpotent element (see 14.11) . Assume Ai = 0. 
There exists a unique 3 < m < 2m + 1 such that m is odd and A mo > A mo _i. We have 
x(Aj) = Xj if j < m ; \ 2j = X 2 j+i, j ^ and A mo = A mo _i + 1. 

We attach to the orbit c of x the sequence ci, . . . , c 2m+ i defined as follows: 
X 2j - x(A 2 j) + n + 1 + (j - 1) (n + 3) if 2j < m 
X 2j ~ x(X 2j ) + 1 + n + 1 + (j - l)(n + 3) if 2j > m 



(1) %' 



/ 9W _ / x(A 2 j-i) + (j - l)(n + 3) if 2j - 1< m 
1 j ^ ~ 1 x(A 2i -i) - 1 + (j - l)(n + 3) if 2j - 1 > m 



Taking a» = c 2i _i, z = 1, . . . , m + 1, &j = c 2i , i = 1, . . . , m, we get a well-defined element 
(A, 5) G We denote it p G (a;), p(x) or p(c). 

Lemma, (i) c i— ► p(c) defines a bijection from the set of all nilpotent 0(2n + l)-orbits in 
o(2n+ 1) to 

(ii) Ag(x) a isomorphic to V^'^ +1 . 

Proof, (i) It is easily checked from the definition that p(c) G -D^' n+1 and the map c i— > p(c) is 
injective. Note that -D^ ,n+1 is in bijection with the set A consisting of all pairs of partitions 
(p, v) such that ^2 fa + v i = fa v % — fa + 2- Since the number of nilpotent orbits is equal 
to | A | by Spaltenstein [11], the bijectivity of the map follows. In fact, given (A, B) G D% n+1 , 
the corresponding nilpotent orbit can be obtained as follows. Let c\ < c 2 < • • ■ < c 2m+ i 
be the sequence a\ < b± < ■ • ■ < a m+1 . There exists a unique odd integer m such that 
c 2j > (n+1) + (j - l)(n+3) if and only if 2j > m . If j < rj ^ 1 ) then A 2i = A 2i+ i = x(A 2 j) = 
x(A 2i +i) = c 2j+ i-j{n+3). If j > then \ 2j = \ 2j+1 = c 2j +c 2j+1 -(2j-l){n+3)-{n+l) 
and x(X 2j ) = x(A 2 j+i) = c 2j+1 -j(n + 3) + 1. If j = then A 2j = x(A 2 j) = A 2i +i - 1 = 

x(A 2 i+i) - 1 = c 2j+1 -j(n + 3) + 1. 

(ii) The component group Aq(x) is described in 14.11 Let (A, B) = p(x) and cx, . . . , c 2m+ i 
be as above. Let S = (A U B)\(A R 5). Note that ci = 0, . . . , c mo G S and they belong to 
the same interval, which is the initial interval. For i > itlq, x(A«) 7^ Aj/2 if and only if q G S. 
The relations (r2) and (r3) of 14. II say that if q, Cj belong to the same interval of (A, B), then 
a,, aj have the same images in A(x). Thus we get an element 07 of A(x) for each interval / 
of A, B and a] = 1. Moreover (r3) means that 07 = 1 if I is the initial interval. 

The isomorphism — > Ag{x) a is given as follows. Let F G V^'"^ 1 . We associate to 
F the character of Aq{x) which takes value —1 on 07 if and only if I G F. □ 

9.2. Let (x, 0) G 2l g . We have defined p(x). Let p denote also the map Ag{x) a — > V^ nl 



Theorem. T/ie Springer correspondence 7 : 2l — > W A = X^' n+1 is given by 

(x,(j>) ' ^ p(x)p W . 



Proof. As in the proof of Theorem I8.2[ it is enough to prove the map is compatible with the 
restriction formula (R). Note that X^ +1 = if d ^ 1 is odd. Thus X% n+1 = X^ +1 . Let 

(A, B) G X^' n+1 correspond to x G W A . The pairs (A', B 1 ) G X^-x which correspond to the 
components of the restriction of x t o W n _i are those which can be deduced from (A, B) by 
decreasing one of the entries aj by i (or 6j by z+ 1) and decreasing all other entries aj by j — 1, 
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bj by j. We can decrease a« by i (resp. bi by i + 1) if and only if i > 2, — aj_i > n + 4 or 
i = 1, a* > 1 (resp. i>2,b { - 6<_i > n + 4 or z = 1, fc; > n + 2). We write (A, B) -> (A', 5') 
if they are related in this way. Suppose that (A, B) — > (A', B'). One can easily check that if 
(A, B) and {A 1 , B') are similar to A G £^' n+1 and A' G 1 respectively, then A -> A'. 

Let x G nilpotent and x' G [ nilpotent. Then S xx > 7^ if and only if 
Proposition 14.21 if and only if A = pc{x) — > A' = pp(x'). To verify the map is compatible 
with the restriction formula, it is enough to show that the set 

(9-1) {(F, F') G x ^|A F - A F ,} 

is the image of the set 

(9.2) {(0,00 G A G (a;) A x A L (x') A \(<P ® </>\^'> ^ 0} 

under the map p. 

Let Ci < - • • < c 2m+ i and < • • • < c' 2m+1 correspond to A and A' respectively. Then 
Aq(x) is generated by {a;|cj 7^ Cj,Vj 7^ i}, A L (x') is generated by {a^c^ 7^ c',Vj 7^ i} and 
is generated by {a,i\ci 7^ Cj,C' 7^ c^,Vj 7^ z}. There are various cases to consider. We 
describe one of the cases in the following and the other cases are similar. 

Assume c 2k+1 > c 2fc +l, c 2 k+2 = c 2k+1 +n+2 and c' 2k+1 = c 2k +i-(k+l), c' 2i+1 = c 2i+1 -i,i ^ 
k, c' 2i = c 2i — i, i = 1, • • • , m. Let / (resp. /') be the interval of A (resp. A') containing c 2 k+i 
(resp. c' 2k+l ) and J' the interval of A' containing c' 2k+2 . Note that c 2j+ i — c 2 j < n + 2, except 
if x = (n+ l) n+ in n . In the latter case A(x) = 1. Moreover c 2 j +2 — c 2 j + i > 2. Hence all other 
intervals of A and A' can be identified naturally. There are two possibilities: 

(i) / is a proper interval of A. Then Ap — > Apt if and only if 

(a) F\{I} = F'\{I', J'}; 

(b) F n {/} = F' n {/', J'} = or {/} C F, {/', J'} C F'. 

On the other hand, Aq(x) (resp. Ap(x')) is an F 2 vector space with one basis element 
ok (resp. a' K ) for each proper interval K of A (resp. A') and S x>x > is the quotient of 
Ag(x) x Al(x') by the subgroup H XtX t generated by elements of the form 0707/, cria'j,, okg'k 
with K a proper interval of both A and A'. Now the compatibility between (19.1 1) and (19.21) 
is clear. 

(ii) J is a initial interval of A. Then Ap — * Apt if and only if F — F' . On the other hand, 
Aq(x), A l (x') and S XjX t are obtained by setting 07 = o' v = 1 in (i). Again the compatibility 
between d^TJ and (Q is clear. □ 

9.3. In this subsection we assume G = SO(2n), G = 0(2n) and g = o(2n). We describe 
7 : % -f W£' instead of 7 : % -> (W^) A fsee l230|) . 

Let x = (A 2m ) x (A 2m ) ■ • ■ (Ai) x (Ax) G g be a nilpotent element (see 14, ip . Note that we have 
A 2 i-i = A 2 j. We attach to the orbit c of x the sequence C\, . . . , c 2m defined as follows: 

(1) C2j = x (\ 2j ) + (j-l)(n+l), 

(2) c 2i _! = A 2i _! - x(A 2i -i) + U ~ l)(n + 1). 

Taking a, = c 2 j_i, 6j = c 2 j, i = 1, ... ,m, we get a well defined element {A, B} G Y£q . 
We denote it Pg(x), p(x) or p(c). 

Lemma, (i) c 1— > p(c) defines a bijection from the set of all nilpotent 0(2n) -orbits in o(2n) 
to D n+1 



(ii) A G (x) A isomorphic to . 
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Proof, (i) It is easily checked from the definition that p(c) G -D^tven an d the map c i— > p(c) is 
injective. Note that D^ n+l is in bijection with the set A consisting of all pairs of partitions 
such that A*i + S = n > ^ — A 4 *- Since the number of nilpotent 0(2n)-orbits in 
o{2n) is equal to |A| by Spaltenstein [TT], the bijectivity of the map follows. In fact, given 
{A, B} G -D^voii with preimage (A, B) G q 1,0 , the corresponding nilpotent orbit can be 
obtained as follows. Let Ci < c 2 < • • • < c 2m be the sequence a± < bi < ■ ■ ■ < a m < b m . We 
have \ 2j = \ 2 j-i = c 2j + c 2j -i - (2j - 2)(n + 1) and x(A 2j -) = x(A 2 j-i) = - (j - l)(n + 1). 

(ii) The component group A G (x) is described in 14.11 Note that in this case, the condition 
(r3) is void. By similar argument as in the proof of Lemma [9.11 (ii). one shows that A G (x) is 
a vector space over F 2 with basis (or)/ e £, where E is the set of all intervals of p{x). Since 
Ag(x) consists of the elements in A G (x) which can be written as a product of even number 
of generators, from the natural identification A G (x) A = A(E), we get the isomorphism 
A G (x) A = A(E)/{H),E} = V^ ) 1 . □ 



p(x) 

p(x) ■ 



9.4. Let (x, 0) G 2t . We have defined p(x). Let p denote also the map A G (x) A — > VT 1 "*" 1 



Theorem. 27ie Springer correspondence 7 : 2t g — > = y^^ en given 6?/ 

{x,4>) 1 p(x) pW . 

Proof. Again it is enough to prove the map is compatible with the restriction formula (R). 
Note that = if d > is even. Thus Y£+\ n = Y^ 1 . Let {A, B} G Y£+\ n correspond 

to x £ W£ . The pairs {A', B'} G Y£_ x even which correspond to the components of the 
restriction of x to W^_ x are those which can be deduced from {A, B} by decreasing one of 
the entries at by i (or bi by i) and decreasing all other entries aj by j — 1, bj by j — 1. We 
can decrease by i (resp. 6j by 2) if and only if i > 2, cij — aj_i > n + 2 or i = 1, aj > 1 
(resp. i > 2, bi - > n + 2 or i = 1, bi > 1). We write {A, B} -» {A', 5'} if they are 
related in this way. Suppose that {A, B} —> {A',B'}. One can easily check that if {A, B} 
and {A', B'} are similar to A G -D^tven an d A' G -DJJ_ 1 even respectively, then A — > A'. 

Let x G nilpotent and x' G [ nilpotent. Then S x>x > 7^ (<^> 7^ 0) if and only if 

x, x' are as in Proposition 14.21 if and only if A = p G (x) — > A' — Pl(x'). Let c\ < • • • < c 2m 
and c[ < ■ ■ ■ < c' 2m correspond to A and A' respectively. Then A G {x) is generated by 
{ai\ci 7^ Cj,Wj 7^ i}, Ai(x') is generated by {a-|c- 7^ c'-,Vj 7^ 2} and Ap is generated by 
{aj|cj 7^ Cj,c^ 7^ c^,Vj 7^ i}. The discussion in 12.121 allows us to compute e x>x i and the set 
{(0,0') G A G (x) A x A L (x') A |(0 ® 4>',£ x ,x') 7^ 0}. One verifies the compatibility with the set 
{(F, F 1 ) G V^ x) x V^^jIAf -> A' F /} under the map p as in the proof of Theorem □ 

10. Springer correspondence for duals of symplectic and odd orthogonal 

Lie algebras 

10.1. We assume G = Sp(2n) in [TO and [TuT4l 

Let £ = (A 2m+ i) x (A 2m+1 ) • • • (Ai) x (A!) G g* be nilpotent (see EUJ), where A x = 0. We have 
\ 2 j = \ 2 j+i- We attach to the orbit c of £ the sequence ci, . . . , c 2m+ i defined as follows: 

(1) c 2i = X 2j - x(A 2i ) + n + 1 + (j - l)(n + 2), 

(2) c 2i _ 1 = X (A 2 i-i) + 0'-l)(n + 2). 

Taking = c 2 j_i, z = 1, . . . , m + 1, 6j = c 2 j, z = 1, . . . , m, we get a well-defined (A, B) G 
X^;™ +1 . We denote it p G (0, p(0 or p(c). 
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Lemma, (i) c i— > p(c) defines a bijection from the set of all nilpotent Sp(2n)-orbits msp(2n)* 



to D n 



l,n+l 



(ii) Ag(£,) a is isomorphic to V 



1,71+1 



Proof, (i) It is easily checked from the definition that p(c) G -D*' 7 ^ 1 and the map c t— > p(c) is 
injective. Note that D^ n+1 is in bijection with the set A consisting of all pairs of partitions 
(p,,v) such that \i{ + Yl v i = n i u i < A*i + 1- Since the number of nilpotent orbits is 
equal to |A| by [15], the bijectivity of the map follows. In fact, given (A, B) G -D*' n+1 , the 
corresponding nilpotent orbit can be obtained as follows. Let c\ < c 2 < • • • < C2 m +i be the 
sequence a\ < hi < • • • < a m+ i. Then \ 2 j = A 2 j+i = c 2 j + c 2j +i — (2j — l)(n + 2) — (n + 1) 
and x(^2j) = X(>^2j+i) = c 2j+ i - j(n + 2), j = 1, . . . , m, A x = 0. 

(ii) The component group Aj(£) is described in 15.11 Let (A, B) = p(£) and ci, . . . , c 2m+ i 
be as above. Let 5 = (A U n B). Then X (A<) ^ (A; - l)/2 if and only if q G 5. The 

relation (r2) of 15.11 says that if Ci,Cj belong to the same interval of (A, B), then ai,aj have 
the same images in Ag(£). Thus we get an element o~i of A?(0 f°r each interval 7 of (A, I?) 
and a] = 1. Moreover (r3) means that o~i = 1 if / is the initial interval. 

The isomorphism V p u\ + — > ^g(£) A i s given as follows. We associate to F the character 
of Ag(£) which takes value —1 on 07 if and only if I G F. □ 

10.2. Let (f , 0) G 2l *. We have defined p(£)- Let p denote also the map A G (£) A -> ^J^ 1 . 
Theorem. The Springer correspondence 7' : 2l * — > = X^ ,n+l is given by 

Proof. By similar argument as in the proof of Theorem 18.21 it is enough to prove the map 
is compatible with the restriction formula (R')- Note that X^ +1 — if d ^ 1 is odd. Thus 

X^< n+1 = Let (A, B) G A^ n+1 correspond to % G W£. The pairs (A', 5') G 

which correspond to the components of the restriction of \ t° W n _i are those which can be 
deduced from (A, B) by decreasing one of the entries a» by i (or bi by i + 1) and decreasing 
all other entries a,- by j — 1, by j. We can decrease Oj by i (resp. 6j by i + 1) if and only if 
i > 2, a.j — aj_i > n + 3 or i — 1, Oj > 1 (resp. i > 2, 6, — > n+ 3 or i — 1, 6 4 > n + 2). 
We write (A, B) -> (A', B') if they are related in this way. Suppose that (A, B) -> (A 1 , B'). 
One can easily check that if (A, B) and (A', B') are similar to A G D^ n+l and A' G 
respectively, then A — ► A'. 

Let £ G g* and £' G I* be nilpotent. Then £/ 7^ if and only if £, £' are as in Proposition 
15.31 if and only if A = p G (0 ~~ > A' = pt(^'). The verification of compatibility with restriction 
formula is entirely similar to the proof of Theorem 19.21 □ 

10.3. We assume G = 0(2n + 1) in this subsection and 110.41 

Let £ = (m; (A 2 s) x (a 2s ) • • • (Ai) x (Ai)) £ 0* be nilpotent (see 16.11) . We have A 2j -i = A 2j -. We 
attach to the orbit c of £ the sequence ci, . . . , c 2s +i defined as follows: 

(1) c 2j = x(A 2i ) + (j - l)(n + 1), j = 1, . . . , s 

(2) c 2i _i = A 2i _i - x(A 2i _i) + (j - l)(n + 1), j = 1, . . . , s, 

(3) c 2s+1 = m + s(n + 1). 

Taking aj = c 2i _i, z = 1, . . . , s + 1, 6j = c 2i , i = 1, . . . , s, we get a well defined element 
{A,B} G Ytf 1 . We denote it p G (£), p(£) or p(c). 
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Lemma, (i) c i— > p(c) defines a bijection from the set of all nilpotent 0(2n + 1)- orbits in 
o(2n+l)* toD n n %. ' 

(ii) Ag(£) a is isomorphic to V^i . 

Proof, (i) It is easily checked from the definition that p(c) G -D^o^d an d the map c i— > 
p(c) is injective. Note that -D™^ dd i s i n bijection with the set A consisting of all pairs of 
partitions (p, v) such that p^ + z/j = n, z/ i+1 < p^. Since the number of nilpotent orbits 
is equal to |A| by [15], the bijectivity of the map follows. In fact, given {A, B} G -D^odd' 
assume (A, B) G D 7 ^ 1 ' , the corresponding nilpotent orbit can be obtained as follows. Let 
c i < c 2 < • • ■ < c 2s+1 be the sequence «i < &i < ■ • • < Then X 2 j = \2j-1 = 

c 2 j + c 2j -i - (2j -2)(n + 1), x(^2j) = x(^j-i) = c 2j - (j - l)(n + 1), j = 1, . . . , s and 
m = c 2s +i - s(n + 1). The corresponding orbit is (m; (A 2s ) x (a 2s ) • • • (Ai) x (Ai))- 

(ii) The component group Ac(£) is described in 16.11 Let {A, B} = p(£), (A,B) and 
ci, . . . , c 2s+ \ be as above. Let S — (A U B)\(A B) . Note that c 2s < c 2s +i, thus c 2s+ i G 5". 
For z = 1, . . . , 2s, xi^i) 7^ Aj/2 if and only if q G 5. The relation (r2) of 16.11 says that for 
1 < i < j < 2s, if Ci,Cj belong to the same interval of {A,B}, then a^a.,- have the same 
images in Aq(£). Let Iq be the interval containing c 2s+ \. The relation (r3) says that «i = 1 
if Cj G Jo- Thus we get an element 07 of Aq{£) for each interval I ^ I of {A, B} and a] = 1. 

The isomorphism VJJ 1 -> ^g(0 A is given as follows. Let F G V^t 1 = A{E)/{$,E} and 

F the inverse image of F in ^(-E 1 ) that does not contain Iq. We associate to F the character 
of Ag(£) which takes value —1 on 07 if and only if / G F. □ 

10.4. Let (£, 0) G 2l fl *. We have defined p(£). Let p denote also the map A G (£) A -> 



p(0 

<7 £? /ill 



Theorem. TTie Springer correspondence 7' : 2l * — > = Y™^ d is given by 

Proof. Again it is enough to prove the map is compatible with the restriction formula (R'). 
Note that Y^ 1 = if d ^ 1 is odd. Thus Y^ d = Y^f 1 . Let {A, B} G Y^ d with inverse 

image (A, B) G X^j 1 ' correspond to x G W£. The pairs {A', 5'} G 1 odd with inverse 
images (A' } B') G -X^li x which correspond to the components of the restriction of x to W n _x 
are those which can be deduced from (A, B) by decreasing one of the entries ai by i (or hi 
by 1) and decreasing all other entries dj by j — 1, bj by j — 1. We can decrease Oj by i (resp. 
6i by i) if and only if i > 2, a« — a^-i > n + 2 or i = 1, aj > 1 (resp. i > 2, 6j — 6j_x > ^ + 2 
or i = 1, bi > 1). We write {A, B} — > {A', £>'} if they are related in this way. Suppose 
that {A, B} — > {A', 5'}. One can easily check that if {A, B} and {A',B'} are similar to 
A G £>™+ dd and A' G ^-l.odd respectively, then A -»• A'. 

Let £ G g* and £' G I* be nilpotent. Then S^> 7^ if and only if £, £' are as in Proposition 
16.31 if and only if A = Pg(0 — > A' = Pl(6')- To verify the map is compatible with the 
restriction formula, it is enough to show that the set 

(10.1) {(f, f') g v£* x v; Lie) \A F - A' F ,} 

is the image of the set 

(10.2) {(0,0') G A G (0 A x A L (0 A |(<W,^> 7^ 0} 
under the map p. 
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Let ci < • • • < C2 S +i and c[ < ■ ■ ■ < c' 2s+1 correspond to the pre-image (A, B) and (A', B') 
of A and A' in D™\ ' and 1 respectively. Then As(£) is generated by {a,|Q 7^ Cj,Vj 7^ 
i}i is generated by {a^|c^ 7^ c' , Vj 7^ i} and is generated by {aj|q 7^ Cj, 

z}. There are various cases to consider. We describe one of the cases in the following and 
the other cases are similar. 

Assume k > 1, c 2fc > c 2fc _i + 1, c 2fc+ i = c 2fc + n and c 2fc = c 2fc - fc, c 2i = c 2i - ^ k, 

c 2i+i = c 2i+i — i, i = 1, • • • , s. Let J (resp. J') be the interval of A (resp. A') containing C2k+i 
(resp. c' 2k+1 ) and J' the interval of A' containing c' 2k . Note that C2j—C2j-i = 2x(A2j) — A2j < n 
and c 2 j+i - c 2 j = n + 1 + A 2 j+i - x(A 2jl +i) - x(-^y) > 2, except if m = 0, x{^2s) = A 2s = n. 
In the latter case, £' correspond to m! = 0, x'(^L) = -^L — n — 1 and = Ar,(£') = 1- 

Hence all other intervals of A and A' can be identified naturally. Let Jo (resp. Jq) be the 
interval of A (resp. A') containing c 2s +i (resp. c 2s+1 ) There are two possibilities: 

(i) Jq. Let F (resp. F') be the pre-image of F (resp. F') in *4(-E) (resp. *4.(£")) that 
does not contain Jq (resp. Jq). Then Ap — > Ap/ if and only if 



On the other hand, As(0 (resp. is an F 2 vector space with one basis element 

(resp. a' K ) for each interval K 7^ I (resp. J\~ 7^ Jq) of A (resp. A') and S^^i is the quotient of 
As(0 x by the subgroup H^ ^ generated by elements of the form a/a',, a/<Tj,, crx^ 

with K 7^ Jo an interval of both A and A'. Now the compatibility between (110.11) and (110.21) 
is clear. 

(ii) I = I . Then A F -> A F > if and only if F = F'. On the other hand, A G (£), and 
S^i are obtained by setting 07 = o' v = 1 in (i). Again the compatibility between (110. ip and 
ffTOj) is clear. □ 



11.1. In [8j, Lusztig gives an apriori description of the Weyl group representations that 
parametrize the pairs (c, 1), where c is a unipotent class in G or a nilpotent orbit in q. We 
list the results of [S] here. 

Let R be a root system of type B n , C n or D n with simple roots II and W the weyl group. 
There exists a unique cto G R\H such that a — ati ^ R, V ai G II. Let J C II U {ao} be such 
that J = |I1|. Let Wj be the subgroup of W generated by s a , a E J. 

(i) Denote 5w the set of special representations of W. The set of unipotent classes when 
char(k) 7^ 2 is in bijection with the set (see [U [5]) 



where Wj is defined as Wj using the dual root system. 

(ii) The set of unipotent classes when char(k) = 2 is in bijection with the set (see [6]) 



(iii) The set of nilpotent classes when char(k) = 2 is in bijection with the set 7^ defined 
by induction on |W| as follows (see [?]). If W = {1}, 7^ = W A . If W ^ {1}, then is 
the set of all E G W A such that either E G 5^ or E = j^ j E\ for some Wj 7^ W and some 

E\ G T^r . 



(a) F\{J} = F'\{I', J'}] 

(b) F n {/} = F' n {/', J'} = or {/} C F, {/', J'} C F'. 



11. Complement 



^ = {JwE, E G }• 
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11.2. One can show that the set of nilpotent orbits in g* when char(k) = 2 is in bijection 
with the set T$ defined by induction on |W| as follows. If W = {1}, 7^* = W A . If 
W ^ {1}, then T$ is the set of all E G W A such that either E G or E = for 

some W j ^ W and some E x G 7^ . 
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